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PREFACE 


In this book the authors for the first time introduce the notion of 
neutrosophic intervals and study the algebraic structures using them. 
Concepts like groups and fields using neutrosophic intervals are not 
possible. Pure neutrosophic intervals and mixed neutrosophic intervals 
are introduced and by the very structure of the interval one can 
understand the category to which it belongs. 

We in this book introduce the notion of pure (mixed) neutrosophic 
interval bisemigroups or neutrosophic biinterval semigroups. We derive 
results pertaining to them. The new notion of quasi bisubsemigroups 
and ideals are introduced. Smarandache interval neutrosophic 
bisemigroups are also introduced and analysed. Also notions like 
neutrosophic interval bigroups and their substructures are studied in 
section two of this chapter. Neutrosophic interval bigroupoids and the 


identities satisfied by them are studied in section three of this chapter. 


The final section of chapter one introduces the notion of neutrosophic 
interval biloops and studies them. Chapter two of this book introduces 
the notion of neutrosophic interval birmgs and bisemirings. Several 
results in this direction are derived and described. Even new bistructures 
like neutrosophic interval ring-semiring or neutrosophic interval 
semiring-ring are introduced and analyzed. Further in this chapter the 
concept of neutrosophic biinterval vector spaces or neutrosophic interval 
bivector spaces are introduced and their properties are described. 

In the third chapter we introduce the notion of neutrosophic interval 
n-structures or neutrosophic interval n-structures. Over 60 examples are 
given and various types of n-structures are studied. Possible applications 
of these new structures are given in chapter four. The final chapter 
suggests over hundred problems some of which are at research level. 

We thank Dr. K.Kandasamy for proof reading and being extremely 


supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


BASIC CONCEPTS 


In this chapter we first introduce the notion of neutrosophic 
intervals and special neutrosophic intervals. We built in this 
chapter interval neutrosophic bistructures with single binary 
operation; we call them also as biinterval neutrosophic algebraic 
structures. 

N(R* U{O})D = R* 1 vu {0} = {[0, al] la e R* U {0}} 
denotes the pure neutrosophic intervals of reals. 

N(QT U{0}) = N(Q™ U{O})D = QT u {0} = {[0, al] lac 
Q* u {0}} = {[0, al] | a © Q* U {0}} denotes the pure 
neutrosophic intervals of rationals. 

N(Z’T U{0}) = {[0, al] |a € Z* VU {0}} denotes the intervals 
of pure neutrosophic integers. N (ZI) = {[0, al] | ae Z} 
denotes the pure neutrosophic interval of modulo integers, we 
can define now neutrosophic interval modulo integers as N ((Z, 
UI)) = {[0, a+b] la, be Z,}. N(Q* UT) u {0}) = {[0, atbl] 
la, b € Q* U {O}} is the rational neutrosophic interval. 

N (R* UD u {0}) = {[0, a + bI] 1a, b € R* U {0}} is the 
neutrosophic interval of reals. 

Finally N ((Z* UD u {0}) = {[0, a+bI] 1a, be Z* U {0}} is 
the neutrosophic interval of integers. 


Now we will be using these intervals and work with our 
results. However by the context the reader can understand 
whether we are working with pure neutrosophic intervals or 
neutrosophic of rationals or integers or reals or modulo integers. 
This chapter has four sections. Section one introduces 
neutrosophic interval bisemigroups, neutrosophic — interval 
bigroups are introduced in section two. Section three defines 
biinterval neutrosophic bigroupoids. The final section gives the 
notion of neutrosophic interval biloops. 


1.1 Neutrosophic Interval Bisemigroups 


In this section we define the notion of pure neutrosophic 
interval bisemigroup, neutrosophic interval bisemigroup, 
neutrosophic - real interval bisemigroup, quasi neutrosophic 
interval bisemigroup and quasi neutrosophic - real interval 
bisemigroup using Z, or Z*> U {0} or Q* U {0} or R® U {0}. 
We give some examples and describe their properties. 


DEFINITION 1.1.1: Let S = S; US, where S; and S> are interval 
pure neutrosophic semigroups such that S; and Sz are distinct, 
then we define S to be a pure neutrosophic interval bisemigroup 
or pure neutrosophic biinterval semigroup. 

We will illustrate this situation by some examples. 


Example 1.1.1: Let S = S; U S;) = {[0, al] |a € Z;, +} U 
{{0, bI] |b € Z* U {0}, +} be the pure neutrosophic interval 
bisemigroup. 


Example 1.1.2: Let P = P; U P2 = {[0, al] |ae ZU {0}, +} U 
{{0, al] | a © Zp, x} be a pure neutrosophic interval 
bisemigroup. 

We see both the bisemigroups given in examples 1.1.1 and 
1.1.2 are of infinite order. 


Example 1.1.3: Let T = T; U T2 = {[0, al] la € Zao, +} U {[0, 
al] | a € Zs, x} be a pure neutrosophic interval bisemigroup of 
finite order. 


Example 1.1.4: Let W = W, U W2 = {[0, al] la e Q*Tu {0}, 
x} U {[0, bI] 1b € Q* U {0}, +} bea pure neutrosophic interval 
bisemigroup of infinite order. 


Example 1.1.5: Let M = M; U M> = {[0, al] |a e R*T vu {0}, 
+} U {[0, bI] |b € Q*I U {0}, x} be a pure neutrosophic 
interval bisemigroup of infinite order. 


Example 1.1.6: Let T=T,; UT. = {[0, al] la € Zs, +} U {[0, 
bI] |b € Z,, x} be a pure neutrosophic interval bisemigroup of 
finite order. 

Clearly order of T; 0 (T) =5.7=35. 

We can define the notion of pure neutrosophic interval 
subbisemigroup or pure neutrosophic biinterval subsemigroup 
or pure neutrosophic interval bisubsemigroup in the usual way. 
This task is left as an exercise to the reader. 

We give only examples of them. 


Example 1.1.7: Let T =T, U T2= {[0, al] la e ZTU {0}, +} 
U {[0, al] |a € Q*IU {0}, x} be a pure neutrosophic interval 
bisemigroup. Consider H = H; U Hp = {[0, al] |a €e 3ZT U 
{0}, +} U {[0, bI] |b € ZTU {0}, x} CT, UT); His a pure 
neutrosophic interval bisubsemigroup of T. Infact T has 
infinitely many such pure neutrosophic __ interval 
bisubsemigroups. 


Example 1.1.8: Let V = V,U V2= {[0, al] la € Zi} U {[0, al] 
la e Z* U {0}} be a pure neutrosophic interval bisemigroup. 
Consider S = S; U Sz = {[0, al] lae {0, 2, 4, 6, 8, 10} C Zio} U 
{(0, al] la e 5Z* U {0}} CV; U V3. S is a pure neutrosophic 
interval bisubsemigroup of V. We see they are pure interval 
bisemigroup both under addition and multiplication. Of course 
only one operation will be used at a time. 


Example 1.1.9: Let P =P; U P2 = {[0, al] la € Zao} U {[0, bI] | 
b € Zs} be a pure neutrosophic interval bisemigroup. Consider 
H =H, U Hp= {[0, al] la e€ {0, 10, 20, 30) c Zao} LU {[0, bl] | 


be {0, 2, 4, ..., 26} CG Zog} C Pi U Po is a pure neutrosophic 
interval bisubsemigroup of P. 


Example 1.1.10: Let P = P; U P2 = {[0, al] la € R® u {0}, +} 
U {[0, bI] |b € Q* u {0}, x} be a pure neutrosophic interval 


bisemigroup. T =T, U T2= {[0, al] lae (as n=0,1,2,..., 


co, +}} U {[0, bI] | b € 13Z* U {0}} CP; U Py is pure 
neutrosophic interval bisubsemigroup of P. 

We can define ideals in case of these structures also. This is 
direct and hence left for the reader as an exercise. However we 
give examples of them. 


Example 1.1.11: Let M = M; U Mp = {[0, al] |a € Z* u {0}, 
x} U {[0, bI] | b € Zp, X} be a pure neutrosophic interval 
bisemigroup. 

Take P; U P, = P = {[0, al] |a € 3Z* U {0}} u {[0, bl] 1b 
€ {0, 3, 6,9} C Zp} C Mi UM,;; it is easily verified P is a 
biideal of M. 

It is important to mention here that every pure neutrosophic 
interval bisubsemigroup of a pure neutrosophic interval 
bisemigroup need not in general be a pure neutrosophic interval 
biideal, however every pure neutrosophic interval biideal of a 
pure neutrosophic interval bisemigroup is a bisubsemigroup. 
We see the bisubsemigroup given in example 1.1.10 is not a 
biideal. 


Example 1.1.12: Consider H = H; U Hp = {[0, al] la € Zy3, +} 
U {[0, bl] | b € Zo, +} a pure neutrosophic interval 
bisemigroup. Clearly H has no pure neutrosophic interval 
bisubsemigroups hence H has no pure neutrosophic biideals. 

We call a pure neutrosophic interval bisemigroup S to be 
bisimple if it has no proper bisubsemigroups. We call S to be 
biideally simple if it has no biideals. 

We will give examples and prove a few results in this 
direction. 
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Example 1.1.13: Let P= P; U P2 = {[0, al] la € Zi, x} U {[0, 
bI] | b € Z3, X} be a pure neutrosophic interval bisemigroup. 
Clearly P has no ideals. 

However consider H = H; U H2 = {[0, I], [0, 161], 0} v {[0, 
Tj, 0, (0, 221} c P,; U Py» is a pure neutrosophic interval 
bisubsemigroup of P and is not a biideal of P. 

One can just think of for any pure neutrosophic interval 
bisemigroup S = S; U So; H=S; U {0} CS) U So is a biideal of 
S. Also T = {0} US) c S; U So is again a biideal we choose to 
call these biideals as trivial biideals of S. 


THEOREM 1.1.1: Let S = S; US) = {[0, al] |a € Z, +) U 
{[0, bI] | b € Z,, +} where p and q are two distinct primes; be a 
pure neutrosophic interval bisemigroup. S is simple, hence S is 
biidealy simple. 


The proof is direct and hence left as a simple exercise. 


THEOREM 1.1.2: Let S = S; US; = {[0, al] |a € Z, xX} U 
{[0, bI] | a € Z, xX} be a pure neutrosophic interval 
bisemigroup p and q primes. S is only a biideally simple 
bisemigroup but is not a simple bisemigroup. 


Proof: Follows from the fact that H = H; U H2 = {[0, al]lae 
{0, p-1}} U {[0, bI] |b © {0, q-1}} CS; U So is a pure 
neutrosophic interval subbisemigroup of S but is not a biideal 
of S. 

Hence the claim. 

However if S = S; U S2 = {[0, al] |a € Zs, +} U {[0, bl] | 
b € Zio, X} be a pure neutrosophic interval bisemigroup still S is 
both simple and ideally simple. In view of this we have the 
following corollary, the proof of which is direct. 


COROLLARY 1.1.1: Let T = T, U Tz = {[0, al] lae Z,, +} U 
{[0, bI] | b € Z,, x}, p and q primes be a pure neutrosophic 
interval bisemigroup. 

T is simple and ideally simple it has only trivial or interval 
quasi bisubsemigroups and ideals. For P = {[0, al] la € Z), +} 
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U {0} =P) UP2, V=Vi U V2 = {0} U {[0, bI 1b © Z,, x} are 
trivial ideals. 

M=M,; UM = {0} u {[0, al] la € {0, q-1}, x} bea pure 
quasi interval bisubsemigroup of T which is not an ideal. 

Now we bring out the fact that Lagrange’s theorem in 
general is not true in case of pure neutrosophic interval 
bisemigroups. 

This is proved by the following examples. 


Example 1.1.14: Let S =S; US) = {[0, al] la € Zy, x} U {[0, 
bI] | b € Zo, x} be a pure neutrosophic interval semigroup. 
Take T = T,; U T, = {[0, I], [0, 161], [0, 0]} U {[0, U, [0, 281]} 
Cc S; U Sp» be a pure neutrosophic interval bisemigroup of S. 
o (S) = 17 x 29 and o (T) = 3 x 2. Clearly 0 (T) X 0 (S). 
Consider P = P; U P2 = {[0, T], 0, [0, 161]} U {[0, T, 0, [0, 281]} 
= §, U S2 is again a pure neutrosophic interval bisubsemigroup 
of S which is not a biideal of S. Further 0 (P) = 3 x 3 and 3 x 3 
X17 x 29, 


Thus in general the Lagrange theorem is not true in case of 
pure neutrosophic interval bisemigroup of finite order. 


Example 1.1.15: Let S =S, US: = {[0, al] la € Zp} U {[0, bl] 
|b € Zs} be a pure neutrosophic interval bisemigroup of order 
12 x 25. Consider M = M; U M> = {[0, al] la e {0, 2, 4, 6, 8, 
10} CZ} U {[0, b] |be {0, 5, 10, 15, 20} ©Z)5} cS=S,uU 
S2; M is a pure neutrosophic interval bisubsemigroup of S. 
Now o (M) = 6 X 5 and we see 0 (M) / 0 (S). Thus Lagrange’s 
theorem for finite group is true for this bisubsemigroup M of S. 

Now we can define the notion of Smarandache pure 
neutrosophic bisemigroup S = S; U So» if S; and S» are 
Smarandache bisemigroups if only one of S; or S; is a 
Smarandache bisemigroup then we call S to be a quasi 
Smarandache pure neutrosophic interval bisemigroup. We give 
examples of Smarandache pure  neutrosophic _ interval 
bisemigroup. 


Example 1.1.16: Let V = V; U V2 = {[0, al] la € Zo3, x} U 
{{0, bI] | b € Q* U {0}, x} be a pure neutrosophic interval 
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bisemigroup. H = {[0, I], [0, 221]} U {[0, 2°1], [0, Hl lm, n 


€ Z*} ¢ Vi U V2 = V; is a interval group which is pure 
neutrosophic hence V is a S-pure neutrosophic interval 
bisemigroup. 


Example 1.1.17: Let V = {[0, al] |ae Z* U {0}} U {[0, al] la 
€ Z,, +} be a pure neutrosophic interval bisemigroup. Clearly 
V is not a Smarandache pure neutrosophic interval bisemigroup. 

We have the following interesting theorems the proof of 
which is left as an exercise. 


THEOREM 1.1.3: Let V= V; UV2 = {[0, al] |a € Z,, +} Uf{[0, 
bI] | b € Z, +} (p and q are two distinct primes) be a pure 
neutrosophic interval bisemigroup. V is not a_ S-pure 
neutrosophic interval bisemigroup. 


THEOREM 1.1.4: Let V= V; UV? = {[0, al] |a eZ, x} U{[O, 
bI] | b € Z, xX} (p and q two distinct primes) be a pure 
neutrosophic interval bisemigroup. V is a S-pure neutrosophic 
interval bisemigroup. 


Proof: Take H =H; U H; = {[0, al] lae {1, p— 1}, x} u {[0, 
bI] |b € {1, q — 1}, x} C V is a pure neutrosophic interval 
bigroup of V. AlsoM =M, U Mp = {[0, al] la € Z,\ {0}, x} U 
{[0, bI] |b € Z, \ {0}, x} Cc V is a pure neutrosophic interval 
bigroup. Thus V is a S-pure neutrosophic biinterval semigroup. 

We have a class of S-pure neutrosophic _biinterval 
semigroup as well as a pure neutrosophic interval bisemigroup 
which is not Smarandache. 


THEOREM 1.1.5: Let S = S; US> = {[0, al] |a € R* U {0}, +} 
U {[0, al] | a € Z,, +} (p a prime) be a pure neutrosophic 
interval bisemigroup. S is not a S-pure neutrosophic interval 
bisemigroup. 


THEOREM 1.1.6: Let M = M; UM> = {[0, al]|\a eZ U {0}, 
+} Uf{[0, bI] | b € Z,, +} (q a prime) be a pure neutrosophic 
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interval bisemigroup. M is not a S-pure neutrosophic interval 
bisemigroup. 


Now we proceed onto define the concept of 
homomorphisms of pure neutrosophic interval bisemigroups 
using the pure neutrosophic intervals. 


Let V = V; U V2 and S = S; U Sz be any two pure 
neutrosophic interval bisemigroups. A bimap ) = 1 UV 12 = 
V > S such that ny : V; > S; and M2: V2 > So are pure 
neutrosophic homomorphisms will be known as the pure 
neutrosophic interval bisemigroup homomorphisms. 


Consider V = V; U V> = {[0, al] lae Zu {0}, +} u {[0, 
al] | a € Zi, X} be a pure neutrosophic interval bisemigroup. W 
= W, U Wo= {(0, al] la e Q*U {0}, +} U {[0, al] la © Zos, x} 
be a pure neutrosophic interval bisemigroup. n : V —~ W 
defined by Nn =i UN2: Vi U V2 © W, U W?2 given by H1: Vi 
— W; and 2 : V2 > W2 such that n; ({0, al])he  [0, al] and 
12 ([0, al])+> [0, 2al]). 


It is easily verified N = Ni VU 1p is a pure neutrosophic 
interval bisemigroup homomorphism. Interested reader can 
define bikernel of a pure neutrosophic interval bisemigroup 
homomorphism. Now we call S = {({0, ail], ..., [0, anl]) where 
a, € Z, or Z’ U {0} or Q* U {0} or R* U {O}} as a pure 
neutrosophic interval row matrix, 1 <i<n. Clearly (S, +) is a 
semigroup. (S, X) is also a semigroup. 


[0,a,] 


[0,a,1] 


But if we consider H = where a; € Z, or Z’ U 


[0,a,1] 


{0} or Q* U {0} or R* U {0}; 1 <i < n} then H is only a pure 
neutrosophic semigroup under addition as multiplication is not 
compatible. 
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[0,al] ... [0,a,1] 


[0,b,1] ... [0,b,1] 


Suppose M = a; b; ,..., m € Z 


[Om] ... [0,m,1] 


or Z* U {0} or Q* U {0} or R® U {0}} bea collection of mx n 
pure neutrosophic interval matrices m # n then M is only a 
interval pure neutrosophic semigroup under addition and under 
multiplication M is not compatible. If however m =n, M will 
be a semigroup under addition as well as multiplication. 


aj € Z, or Z* U {0} or Q* U {0} or 


Let P {S10 al]x' 
i=0 


R* U {0}}, P is a pure neutrosophic interval polynomial 
semigroup under addition as well as multiplication. Take K = 


die al]x! 


i=0 


n<o,a,e Z,or Q*U {0} or Z* U {0} or R*U 


{O}; 0 < i < n}; K is only a pure neutrosophic interval 
semigroup under addition. However if we impose the condition 
x" = | then K is closed under multiplication. 

We will be using these types of pure neutrosophic interval 
semigroups to construct bisemigroups. The definition needs no 
modification. We give only examples of them. 


Example 1.1.18: Let P =P, U P2 = {((0, aj], ..., [0, agl]) la; € 


[0,a,1] 


[0,a,1] 


Zw {0}, 137s 8,.x} aj € Zos, 1 <1 < 10, +} 


[0, ayo1] 


be the pure neutrosophic interval bisemigroup. 
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Example 1.1.19: Let K = Kj U K2= 
[Oa] [0,a,1] [0,a,1] [0,a,1] 
[O,a,I] [0,a,I] [0,a,I] [0,a,] || are Zio; 1 Sis 12, +} 
[O,a,o1] [0,aI] [0,a,,0] [0,a,,1] 


[0,a,] [0,a,0] 


0, I 0, I j 
0,a3] [0,a,1) a: € Ziss 1 SiS 18,4} 


[0,a,,1] [0,a,,1] 
be a pure neutrosophic interval bisemigroup. Clearly K is 
commutative and is of finite order. 


Example 1.1.20: Let K = Ki U Ko = 


{Zions 


a € QU {0}; 0<i< 20, +} U 


[0, a,1] 
0,a,1 
ee ai€ Z*U {0}, 1 Si S25, +} 
[0, a,51] 
be a pure neutrosophic interval bisemigroup of infinite 


order. 
Example 1.1.21: Let G=G,UG)= 


[0,a,I] [0,a,I] [0,a,1] 
[0,a,0] [0,a,0] [0,a,] |} ae Zs; 1<i1<9, +} 
[O,a,I] [0,a,I] [0,a,I] 


aj € Zg,0 <1<7, +} 


U {Zia 


i=0 
be a pure neutrosophic interval bisemigroup. P is of finite order 
and is commutative. 
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20 
Example 1.1.22: Let W = W,U W2= [Sinan aeZu 


i=0 


35 
{O}, +, O<i<20}U {Zions a € Zo, 0 $i <35,+} bea 


i=0 


pure neutrosophic interval bisemigroup of infinite order. We 
can define substructures. This is a matter of routine and hence 
is left as an exercise to the reader. However we give examples. 


[0,a,]] 


[0,a,0] 


Example 1.1.23: Let V = a € Q’U {0}, l<i< 


[0, a,51] 


15, +} U {([0, ail], [0, al], sees [0, ajol]) ai € Q’ U {0}, lsis 
10, X} be a pure neutrosophic interval bisemigroup. 


[ (0, a,1] 
0 


Take M = M; UM) = aie QU {0}, 1 <i<3, 


| [0,a51] 
+} U {((0, ail], [0, aol], [0, asl] , 0... 0) 1a, e Q” U {0}, 
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1 <i<3, x} C Visa pure neutrosophic interval bisubsemigroup 
of V. Infact M is not a pure neutrosophic interval biideal of V. 


[0,a,]] 


[0,a,1] 


P=P,;UP)= ae ZU {0}, 1 <i<15,+}U 


[0, a,51] 


{((O, ail], [0, acl], ..., [0, apol]) las e Z*U {0}, 1 sis10,x}c 
V is a pure neutrosophic interval bisubsemigroup of V and is 
not a biideal of V. Thus we have bisubsemigroups which are 
not biideals of V. 


Example 1.1.24: Let M = M,; UM) = 


[(0,a,1] [0,a,1] 
[[0,a,1] [0,a,1] 


| ee 


a,€ Zntsissx} U 


[[0,a,1] [0,a,1] [0,a,I] 
0 [0,a,1] [0,a,I]|/a,¢ Z* U{0},1<i<6,x> bea pure 
0 0 — [O,a¢I] 


neutrosophic interval bisemigroup. 
Consider P = P; U Po = 


[[0,a,l] 0 
| 0 [0,a,1] 


[(0,a,1] [0,a,1] [0,a,1] 
0 [0,a,10 [0,a,1] }Ja,¢5Z° U{0},1<i<6,x- c 
0 0 [0,a,1] 


M, U M2 = M, P is not only a pure neutrosophic interval 
subsemigroup of M but is also a pure neutrosophic interval 
biideal of M. 


a; € Znsisx| U 
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Example 1.1.25: Let B = Bj U By = 


{Zions 


i=0 


a,eZ* 101} U 


[[O.a,1] [0,a,I] [0,a,]] 

[O,a,I] [0,a,1] [0,a,1] 

[O,a,I] [O,a,I] [0,a,I] |}a,€ Z,),.1<i<15,+;7 bea pure 
[O,a, 1] [0,a,,] [0,a,,1] 

[[0,a,,1] [0,a,0 [0,a,0 

neutrosophic interval bisemigroup. Take T = T,; UT2= 


{Ziaaae 


i=0 


a,€5Z' 101%} U 


[(O.al] O  [0,a,]] 
0 [0a] 0 
[0,a,1] 0 [0,a,I] | |a,e Z 
0 ([0,aJ] 0 
[[0.a,1] 0  [0,a,I] 


ol <i<8,+$ CB= 


B, U By is only a pure neutrosophic interval subbisemigroup of 
B. Now we can build quasi interval pure neutrosophic 
bisemigroup S = S; U Sz» by taking only one of S; or S» to be 
pure neutrosophic interval semigroup and the other to be just a 
pure neutrosophic semigroup. 

We will give some examples. 


Example 1.1.26: Let V=V,U V2 = 
[O,a,t] [0,a,1] 
[0,a,I] [0,a,I] | Ja, € Z V{0},1<i<6,4++ U {(ajl, aol, asl, 
[O,a,I] [0,a.1] 


al) la ¢ Z U {0}, 1 <i< 4, x} bea quasi interval pure 
neutrosophic bisemigroup. 
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Example 1.1.27: Let V = V, U V2 = {({0, ail], [0, aol], ..., 
[0, aol] la; € Z4o, 1 <i < 90, x} U 


fe ee aes ee 

al al aj a,l 

al a,I aI a,l 

| aE Load S15 244+ 
aj,t aI ast ay, 


a7] ajsl Ajol Anol 


[at at a,f a,,f 


be a quasi interval pure neutrosophic bisemigroup. 
Example 1.1.28: Let M = M,; U M2 = 
al 
a,I 2 ; 
: a,eZ U{0},1Sis12,+7 VU {((0, ail], ..., [0, azsI]) | aj 


a,o1 


e ZU {0}, 1 <i < 25, +} be a quasi interval pure neutrosophic 
bisemigroup. 


Example 1.1.29: Let P = P; U P2 = {all n x n pure neutrosophic 
matrices with entries from ZisI under x} U {all n x n pure 
neutrosophic interval matrices with entries from ZI U {0} 
under X} be a quasi interval pure neutrosophic bisemigroup. 


Example 1.1.30: Let M = M; U Mp = {Zoiol, x} U {[0, al] lace 
Zao, X} be a quasi interval pure neutrosophic bisemigroup of 
finite order. 


Example 1.1.31: Let M=M,;UM)= 


{Zion 


i=0 


a,e Z* vi0h| U 
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(Zioans a,eZ* W101} 

i=0 

be a quasi interval pure neutrosophic bisemigroup of infinite 
order. 

Now having seen examples of quasi interval pure 
neutrosophic bisemigroups we can now proceed onto define 
substructures in them. This is infact a matter of routine and 
hence left for the reader. We give a few examples of them. 


Example 1.1.32: Let V=V,U V2 = 
[0,a,f] [0,a,T] 

a,EZ 
[0,a,I] [0,a,0] 


25 
(das 


i=0 


wo)rsisda| U 


a,e Z* Ui0,0sis25.+} 


be a quasi interval pure neutrosophic bisemigroup of infinite 
order. Consider 


[0,a,f] [0,a,1] ¥ 
H=H, UH>= a, € 3Z* U{O}, 1SiS3,4¢U 
0 [0,a,1] 


a, € 5Z" Lionosisi«}cy, UV=V; 


10 
Saw 


H is a quasi interval pure neutrosophic bisubsemigroup of V and 
is not a biideal of V. 


Example 1.1.33: Let P=P, UP, = 
[0,aI] [0,a,f [0,a,1] 


[0,a,1] [0,a,f] [0,a,1]|}a,e Z U{O},1<i<9,x- U 
[0,a,1] [O,agl] [0,a,I] 
I 


al aJ a,l 


ae Zio, 1 54 S16,X 


a, 

a,l aI aI a,l 

aol a,I a. a, 
a, 


a 
al aI aI al 
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be a quasi interval pure neutrosophic bisemigroup. Consider H 
=H, UH2= 


[0a] 0 0 
0 [0,a,1] 0 a,€ Z” U{O},1Si1<3,x-U 
0 0 [0,a,1] 


al a, a,I a,l 
al a,I a,I a,I 
a € {0, 2, 4, 6, 8, ..., 236, 238} c 
aol a,l a,,1 a,, 
asl ayl ays aygl 
Zo, 1 Si < 16, X}c Pi U Py = P be a quasi interval pure 
neutrosophic bisubsemigroup of P. Infact H is also a quasi 
interval pure neutrosophic biideal of P. 

Now we can define quasi pure neutrosophic interval 
bisemigroup, S = S; U Sz to be a bisemigroup in which one of 
S,; or S2 is a pure neutrosophic interval semigroup where as the 
other is just an interval semigroup. 

We will illustrate this situation by an example or two. 


Example 1.1.34: Let S = S; U Sz = {[0, al] la e Z* u {0}, x} 
U {[0, a] |a € Q* U {0}, +} be a quasi pure neutrosophic 
interval bisemigroup of infinite order. 


Example 1.1.35: Let N= N,; UN2 = {([0, ail], [0, aol], [0, asI]) 
[ [0,a,] | 
[0,a, ] 
[0,a;] 
lai € Zo, 1 <1 < 30, x}U a,€ Z,,,1<i<6,+> bea 

[0,a, ] 
[0, a; ] 
[[0,a.] | 


quasi pure neutrosophic interval bisemigroup of finite order. 
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Example 1.1.36: Let V=V,U V2 = 
hen [0,a,1] [0,a,I] [0,a,1] ae 
[0,a,I] [0,a,I] [0,a,I] [0,a,1] [0,a, 1 


ae Zant 5105+} 


U {5 x 5 interval matrices with intervals of the form [0, a] 
where a € Zs under multiplication} be a finite quasi pure 
neutrosophic interval bisemigroup which is non commutative. 

Substructures can be defined and illustrated by any 
interested reader as it is direct and simple. Now if in a 
bisemigroup S = S; U S» one of S; or Sz is a pure neutrosophic 
interval semigroup and the other is just a semigroup then we call 
S = S; U S& to be a quasi pure neutrosophic quasi interval 
bisemigroup. 

We will illustrate this situation by some examples. 


Example 1.1.37: Let V = V, U V2 = {[0, al] la € Q* u {0}, x} 
U {Z* U {0}, +} be a quasi pure neutrosophic quasi interval 


bisemigroup. 


Example 1.1.38: Let M = M; U Mp = {([0, al], [0, bl], [0, cl], 


a 
[0, dI]) la, b, c, de Z4, X} U >| where a; € Zis, 1 <i<6, 


+} be a quasi pure neutrosophic quasi interval bisemigroup. 


Example 1.1.39: Let T=T,T2= 
[O,al] ... [0,a.1] 


Oat] se [Opal 
Bey NS Nae Tee ba ls 


[O,a,,I] ... [O,a,sI] 
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{All 8 x 8 matrices with entries from Z,5 under multiplication} 
be a non commutative finite quasi pure neutrosophic quasi 
interval bisemigroup. 


Example 1.1.40: Let M=M, UM) = 
{Zions ae Q* 101} U 
i=0 


{all 8 x 8 matrices with entries from Q* U {0} under product} 
be a quasi pure neutrosophic quasi interval bisemigroup of finite 
order which is non commutative. 

Let W=W, U W2= 


Ze al]x' 


i=0 


ae Z v0) 


U {all 8 x 8 matrices with entries from Z* U {0}, x} CM, U 
M, = M be a quasi interval quasi pure neutrosophic 
bisubsemigroup of M, this is also non commutative. 


Example 1.1.41: Let V=V, U V2= 


i=0 


20 ; 
{dio al]x’ 


i=0 


EO? Vio} osis9| U 


a,€ Z* i0),0sis 6+} 


be a quasi pure neutrosophic quasi interval bisemigroup. 
M=M;UM)= 


{ax 
10 ; : 
{Zio 


i=0 


a, € Z* Vio} 0sis6x| U 


ae 3Z" Vio) 0sis20| 
be a quasi pure neutrosophic quasi interval bisubsemigroup of 
V. Clearly M is not a quasi pure neutrosophic quasi interval 


biideal of V. 


Example 1.1.42: Let M = {[0, al] |ae Q* U {0}, +} U {[0, al | 
a € R* U {0}, +} be a quasi pure neutrosophic interval 
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bisemigroup. Clearly M has no biideals but infinitely many 
subbisemigroups. 

We now proceed onto define the notion of mixed 
neutrosophic interval bisemigroup. 

Let S = S; U S» if S; and S» are mixed neutrosophic distinct 
interval semigroups then we call S to be a mixed neutrosophic 
interval bisemigroup. Even if we do not use the term mixed but 
say neutrosophic interval bisemigroup still the term will mean 
only mixed neutrosophic intervals and not pure neutrosophic 
intervals. 

We will illustrate this situation by some examples. 


Example 1.1.43: Let V = V, U V2 = {[0, atbI] la, be ZU 
{O}, x} U {[0, atbl] | a, b € Zi, x} be the neutrosophic interval 
bisemigroup. Clearly V is of infinite order and is commutative. 


Example 1.1.44: Let M = M,; U Mp = {((0, a; +bjI], [0, art+boI], 
[0, a3t+b3I]) | a;, bj ¢ Z* U {0}, 1 <i<3,4+}U 
[0,a, +b,]] 
[0,a, +b, 0] 4 : 
a,,b,€ R* U{O}, 1 Si S9,+ 
[0,a, +b, I] 


be an infinite commutative neutrosophic interval bisemigroup. 
Example 1.1.45: Let M =M,; U M2 = 


{dea a+bl]x' 
i=0 


a,be Z* v0} U 


[O,a, +b] [0,a, +b,1] 
[0,a,+b,I] [0,a, +b,]] 
[O,a,+b.1] [0,a,+b,]] 
[0O,a,+b.I] [0,a, +b,1] 

be a neutrosophic interval bisemigroup. 


We can in case of neutrosophic interval bisemigroups have 
the concept of 6 types of bisubsemigroups. 


ai, b; € Zo), 1 Si <8, +} 
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Suppose S = S; U Sz is a neutrosophic interval bisemigroup 
and if P = Py U Py» © S; U S2 = S where P, and P» are mixed 
neutrosophic interval semigroups then P is a neutrosophic 
interval bisubsemigroup of S. If M = Mi U Mb is such that Mi; 
c S; is a pure neutrosophic interval subsemigroup for i=1, 2 
then we call M to be a pseudo pure neutrosophic interval 
subbisemigroup of S. 

Let T = T; UT. c S; U S2 be such that both T, and T> are 
just interval semigroups then we define T to be a pseudo 
interval subsemigroup of S. Take V = V; U V2 Cc Si U Sp 
where one of V,; or V2 is a mixed neutrosophic interval 
semigroup and other a pure neutrosophic interval semigroup 
then we call V to be a mixed pure neutrosophic interval 
subbisemigroup. 

Consider B = B; U B2 € S; U S»; where B, or By» is a mixed 
neutrosophic interval semigroup and the other is just a interval 
semigroup then we call B to be a mixed interval neutrosophic 
and interval bisubsemigroup of S. 

Likewise if C = C,; U Cs where C; is a pure neutrosophic 
interval semigroup and C, is just a interval semigroup then we 
call C = C; U C; to be a pure neutrosophic interval and interval 
subbisemigroup. 

We will illustrate these six types of subbisemigroups by 
some examples. 


Example 1.1.46: Let V = V, U V2 = {({0, ai+biT], [0, atboI], 
[0, ast+bs3I], [O, agtbul], [0, ast+bsI]) | aj, bj € Zio, 1 $1 <5, +} U 
[(O,a,+b,I] [0,a,+b,I] [0,a, +b,]] 
[O,a,+b,I] [0,a,+b.1] [0,a, +b,]] 
[0,a,+b,I] [0,a,+b,I]  [0,a, +b, 1] 
[O,a,9 +b, 1] [0,a,,+6,, 1] [0,a,,+b,.0 


ai, b; € Zi55 1<1 


< 12, +} be a neutrosophic interval bisemigroup. 
Consider H = H; U Hz = {([0, aj+biI], [0, a2tboI], [0, 
a3+bsl], [0, agtbgl], [0, astbsl]) | ai, bj € {0, 2, 4, 6, 8} c Zio, 
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[0,a,+b I] [0,a,+b,I]  [0,a, +b,I] 

1<i<s5,4+}uU ; i 

[O,a,9 +b, f] [O,a,,+6,,1] [0,a,, +b,,1] 

ai, bi € {0, 3, 6,9, 12} CZs, 1 Sis 12,+}C Vi UV2= Visa 

neutrosophic interval bisubsemigroup of V. 
[0,a,I] [0,a,1]  [0,a,1] 
O,a,I] [0,a,I] [0,a,1 

Tie To Omen ee el 

[0,a,I] [0,a,1] [0,a,1] 
[O,a, 1] [0,a,,I] [0,a,.0] 

€ Zs, 1 $i < 12, +} C Vi U Vo = V, T is a mixed pure 

neutrosophic interval subbisemigroup of V. 

Let W = Ww, U W2 = {([0, ail], [0, al], [0, asl], [0, aal], [0, 
asl]) lai © Zin, 1 $i $5,4+} UTs C Vi U V2 = V be a pseudo 
pure neutrosophic interval subbisemigroup of V. 

Consider L = L; U Lz = {([0, ai], [0, a2], [0, a3], [0, asl, 

[0,a,] [0,a,] [0,a;] 
[O,a,] [O,a;] [0,a,] 
[0,a,] [0,a,] [0,a,] 
[0,4;)] [0,a,,] [0,a).] 
a € Zjs, 1 Si1<12,+} C Vi U V2 = V is a pseudo neutrosophic 
interval bisubsemigroup. 

Consider N = Nj UN, = L; UT. € V; U V3 is a interval 
pure neutrosophic interval subbisemigroup of V. 

Take R=R, UR, =H; Uln c V; U Vo, R is a mixed 
interval neutrosophic interval subbisemigroup of V. 


[0, as]) la; € Zio, 1 $i S5,4+}U 


Example 1.1.47: Let V = V; U V2 = {({0, atblI] la, be Z* U 
{O}, +} U {[0, at+bI] | a, b © Zou, +} be a mixed neutrosophic 
interval bisemigroup. 


i) LettM=M,UM)={(0, atbl] la, b € 3Z°U {0}, 4+} U 
{[0, atbI] la, be {0, 2, 4, 6, 8, 10, ..., 22} C Zu, +} C 
Vi U V2 be a_ mixed neutrosophic interval 
bisubsemigroup of V. 
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ii) Let T=T,; UT2= {[0, alJlae Z* U {0}, +} U {[0, al] 
la © Zo4; +} C Vi U V2 be a pseudo pure neutrosophic 
interval bisubsemigroup of V. 

iii) Consider S = S; U S2 = {[0, a] |Z" U {0}, +} U {[0, b] | 
be Zu +} C Vi U V2 = V, S is the pseudo 
neutrosophic interval bisubsemigroup of S. 

iv) Take W = W; U W> = {[0, atbI] | a, b € 5Z* U {0}, +} 
U {[0, al] la © {2Z4} C Zo4, +} C Vi U Vo, Wis a 
mixed- pure neutrosophic interval bisubsemigroup. 

v) Let N=N, UN>= {[0, atbl] la, b e 5Z*U {0}, +} U 
{{0O, a] | a € Zy, +} C Vi; U V2, N is a mixed 
neutrosophic interval interval subbisemigroup. 

vi) D=D,; UD» = {[0, a] lae 7Z° U {0}, +} U {[0, al] la 
€ Zy, +} C Vi U V> is a interval neutrosophic pure- 
interval bisubsemigroup. 

It is pertinent to mention here that all types of 
neutrosophic interval bisemigroups cannot be biideals. 


For instance consider the following types of 

bisubsemigroup of a mixed neutrosophic interval bisemigroup. 

(1) S = S; U Ss, be a mixed neutrosophic interval 
bisemigroup. 

P =P, U P, = {[0, a] | a is real} U {any real interval 
subsemigroup } of S; US». P is only a bisubsemigroup 
and never a biideal of S. 

(2) IfT=T, UT. = {real interval semigroup} U {pure 
neutrosophic interval semigroup} is a bisubsemigroup, 
then T is not a biideal. 

(3) W=W, UW? = {real interval semigroup} U {mixed 
neutrosophic interval semigroup} C S; U Sz is only a 
bisubsemigroup and never an ideal. 


However the mixed neutrosophic interval bisubsemigroup, 
pseudo pure neutrosophic interval bisubsemigroup and mixed 
pure interval neutrosophic interval bisubsemigroup can be 
sometimes biideals. 

We will give some examples of them before we proceed 
onto work with other types of interval bisemigroups. 
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Example 1.1.48: Let V = V; U V2 = {[0, al+b] la, be Z* U 
{O}, x} U {[0, atbI] la, b € Za, X} be a mixed neutrosophic 
interval bisemigroup. H = H; U H2 = {[0, a+bI] | a, b € 5Z* U 
{O}, x} U {[0, al+b] la, be {0, 4, 8, ..., 36} CZ, x} CVU 
V2 be a mixed neutrosophic interval bisubsemigroup of V. 
Clearly H is a biideal of V. 

T=T, UT2= {[0, al] lae Zu {0}, x} VU {[0, bI] Ibe 
Z49, X} G Vi U V2 be a pseudo pure neutrosophic interval 
bisubsemigroup of V. T is also a biideal of V. Consider L = L; 
UL, = {[0, atbI] | a, b € 3Z* U {0}, x} U {[0, al] la © Zuo, x} 
c¢ V; U V2 be a mixed pure neutrosophic interval 


bisubsemigroup. L is a biideal of V. 


Now R=R,; UR» = {[0, aJlae ZU {0}, x} U {[0, a] la 
€ Zao, X} C Vi U V2 is a bisubsemigroup of V but R is not a 
biideal. Likewise D = D,; U D, = {[0, a] la € Z* U {0}, x} U 
{{0, atbI] | a, b € 2Z40, X} is a subbisemigroup which is not a 
biideal of V. 


Also P = P; U Po = {[0, aJlae ZU {0}, x} U {[0, allae 
Z4, X} C Vi U Vz is only a bisubsemigroup of V and is not a 
biideal of V. 


Now we can develop all other properties in case of mixed 
neutrosophic interval bisemigroup as in case of pure 
neutrosophic interval bisemigroup. 


However we can define mixed - neutrosophic interval - pure 
neutrosophic interval bisemigroup or mixed - pure neutrosophic 
interval bisemigroup. 


Example 1.1.49: Let V=V,U V2= 

[O,al] [0,bI] 
(re [0, a 
..., [0, ag+bsI]) where a;, bj ¢ Z* U {0}, x, 1 <i < 8} be the pure 
- mixed neutrosophic interval bisemigroup. 


Real interval mixed neutrosophic interval bisemigroup is 
illustrated by the following example. 


a,b,c,de 2 Uf{(LO, aitbiI], [0, ar+bI], 
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Example 1.1.50: Let M = M,; UM) = 


ee [0,b] [0,c] aa 
[O,e] [0,f] [0,g] [0,h] 


a,b,c,d,e,f,g,he Z* v0.4] 


[0,a, +b I] 
[0,a, +b,]] : ; 

. a,,b,€ Q* U{O}, H1si<9 
[0,a, +b,]] 


be the real interval mixed neutrosophic bisemigroup. 


We can still have mixed neutrosophic interval pure 
neutrosophic bisemigroup or quasi interval mixed pure 
neutrosophic bisemigroup. We have illustrated them by the 
following examples. 


Example 1.1.51: Let V=V,U V2= 


al al a,I a,l 
al a,I a,I a,I 
i a, € Z,,,1SiS16,+7 U 
al a,l a, a 


at ayl asl al 


[0,a,+b,]] 


O,a, +b.I 
2 a, +b, € Z,,,1<i<12,+ 


[0,a,, +b,1] 


be a quasi interval mixed pure neutrosophic bisemigroup. 
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Example 1.1.52: Let M=M,; U Mo = 
| a,tbI a,+b.I a,+b,I 
a,+b,I a,+b,. a,+b,I 
a,+b,I a,+b,I  a,+b,I 
Ay tbl ay, +b,I a, +b,1 
a,+b,,1 a+b, a,,+b,,1 
Laig tbl ay + byl ayy +b, gh 


U [Sioa 


a,b, € Q’ U{0},+,1 Si <18 


i=0 


aeQ* w10)| 


be a quasi interval mixed - pure neutrosophic interval 
bisemigroup. 


Example 1.1.53: Let L=L,; UL: = 


[Son 


| a,t+bI  a,+b,I 
a,t+b,I a,+b,I 
a,tb.I a,+b,1 
a,+b,I a,+b,I 


a,€ Z* i014 U 


a,b, € Q* U{0},+,1 SiS 12,+ 


ayt+b,I a, +b, l 


La, +b, a, +b,,1 

be a quasi interval real - mixed neutrosophic bisemigroup. 

Example 1.1.54: Let M=M, U M>= {8 X 8 matrix with 

entries from R* U {0}, x} U 

| a,tbI  a,+b,I 

a,t+b,I a,+b,I 

a,t+b.I a,+b,1 a : 
a,b, € Q’ U{O},+,1<i1<12,+7 be a 

a,+b,I a,+b,! 

agt+b,I a,,+b,,l 


[a+ b, I a,,+b,I1 


quasi interval real - mixed neutrosophic bisemigroup. 
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Having seen examples of mixed neutrosophic interval 
bisemigroup and their generalization we proceed onto discuss 
and define neutrosophic interval bigroups. 


1.2 Neutrosophic Interval Bigroups 


In this section we proceed onto define the notion of pure 
neutrosophic interval bigroups and mixed neutrosophic interval 
bigroups and describe and define their related properties. It is 
important to mention neutrosophic groups in general need not 
have a group structure. 


DEFINITION 1.2.1: Let G = G; UG» where both G; and G» are 
pure neutrosophic interval groups and G; # G2 or G; € G2 or 
G2 ZG). Then we define G to be pure neutrosophic interval 
bigroup. 

We will illustrate this situation by some examples. 


Example 1.2.1: Let G=G, U G) = {[0, al] la € Zo, +} U {[0, 
bI] | b € Q*, x} be a pure neutrosophic interval bigroup of 
infinite order and is abelian. 


Example 1.2.2: Let G= G,; U G = {[0, al] la € Z,\ {0}, x} U 
{[0, al] |a © R*, x} be the pure neutrosophic interval bigroup of 
infinite order. 


Example 1.2.3: LetS =S; US) = {[0, al] la € Zo, +} U {[0, 
al] |a € Zi, \ {O}, x} be the pure neutrosophic interval bigroup 
of finite order. 


Example 1.2.4: Let M = M; U M2 = {({0, ail], [0, aol], ..., 
[0, aj2l]) | aj € Z40, 1 < 1 < 12, ss } U 
[0,a,1] 


[0,a,1] 
; a,€Z,),1<is15,+;- be a pure neutrosophic 


[0,a,51] 


interval bisemigroup of finite order. 
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Example 1.2.5: Let V=V,U V2= 

[0,a,I] [0,a,0J 
{ie al 
a € R*, x} be a pure neutrosophic interval bigroup which is non 
commutative. 


IAie0,6 2) \OLtsS4x| U {[0, al] | 


Example 1.2.6: Let T = T, U T2 = {((0, ail], [0, aol], ..., [0, 
aysl]) la; € Za, \ {O}, X, 1 Si<25,+} U 

| [O,a,1] [0,a,I] [0,a,I] [0,a,I] [0,a.]] | 
[0,a,1] [0,a,I] [0,a,I] [0,a,1] [0,a,,1] 
[0,a, J] [0,a,,0 [0,a,,1] [0,a,,1] [0,a,,1] a € Zn, 
[0,a,.1] [0,a,,1] [0,a,.1] [0,a,f] [0,a,1] 
{[0,a,,1] [0,a,,1] [0,a,,1] [0,a,,1] [0,a,,1] | 


1 <i < 25, +} be a pure neutrosophic interval bigroup of finite 
order and is commutative. 

We can define subbigroups, this is direct and hence left as 
an exercise to the reader. 

We will give examples of them. 


Example 1.2.7: Let G = G; U G = {[0, al] la € Za, +} U 
{[0, bI] | b € Za; \ {0}, x} be a pure  neutrosophic interval 
bigroup. Take P = P, U P2 = {[0, al] la © 2240, +} U {[0, bI] | 
be {1, 42}, x} ¢c G UG =G, P is a pure neutrosophic 
interval subbigroup of G. 


Example 1.2.8: Let M = M; U M> = {[0, al] | a € Q’, x} 
| (0,a,1] 
[0,a,1] 
U4} [0,a,1] | Ja, e Z 
[0,a,1] 
| (0,a51] 


o50-1 Si<5,+- be a_ pure neutrosophic 


interval bigroup. Take P = P; U P2 = {[0, al] lae {2", = In= 
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| (0,a,1] 
0 
0, 1, 2, ..., 0} C Q*, x} U 4 [0,a,1] | }a, € Z,.,1 <i<3,+ 
0 
| [0,a,1] 


In 


M,UM,=M, P is a pure neutrosophic interval subbigroup 
of M. 


Example 1.2.9: Let M = M; U Mp = {((0, ail], [0, aol], ..., 
[O,a,I] [0,a,]] 


[0,a,I] [0,a,1] 


[0, azl]) la; € R*, x} U where a; € Zas, 


[0, aI] [0,aso1] 


1 <i < 30, +} bea pure neutrosophic interval bigroup. We take 
S = Si US: = {((0, ail], [0, acl], ..., [0, azal]) | ai € Q*, x} 


| [0,a,1] 0 
0 [0,a,1] 
[0,a,]] 0 
0 [0,a,]] : 
U a, € Zy55 1 <i < 15, +} CM; UM,= 
[0,a,]] 0 
0 [0,a,,0] 
| [0,a,51] 0 


M; S is a pure neutrosophic interval bisubgroup of S. 


Example 1.2.10: Let V = V; U V2 ={((0, ail], [0, azl], [0, asl]) | 
a € Zj2, 1 <1 <3, +}U {([0, al], [0, aol], [0, asl]) | aj € Zy3 \ 
{O}; 1 <1 < 3, X} be a pure neutrosophic interval bigroup. 
Consider M = M; U M> = {({0, ajt], [0, acl], [0, asl]) la; e 2Z 1; 
1<i<3,+4+}U {(0, aI], [0, acl], [0, asl]) la; e {1, 12} CZ; 
1 <is<3, x} oc V; U V2; M is a pure neutrosophic interval 
bisubgroup of V. 
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Now we can define normal bisubgroups as in case of usual 
bigroup. Let us define the order of a pure neutrosophic interval 
bigroup G = G; U G; to be of finite order if both G; and Gp are 
finite; even if one of G; or G» are of infinite order then we 
define G to be of infinite order. 

If both G, and Gy are of finite order we denote the biorder 
of G by IG{I . |Gsl or 0 (Gi) X 0 (G)). 

It can be easily proved that if H =H; UH: CG; UGQ,=G 
where G is of finite biorder then o(H) / o(G). We can define 
homomorphism and isomorphism of pure neutrosophic interval 
bigroups as in case of pure neutrosophic interval bisemigroups. 

However in case of pure neutrosophic interval bigroups G 
we see bikernel of a homomorphism is a pure neutrosophic 
interval normal subbigroup of G. All these are direct and hence 
is left as an exercise to the reader. However we see we can 
define the notion of quasi interval pure neutrosophic bigroup. 
Suppose G = G; U G where only one of G; or G is pure 
neutrosophic interval group and the other is just a pure 
neutrosophic group then we define G to be a quasi interval pure 
neutrosophic bigroup. We will give some examples of them. 


Example 1.2.11: Let G = G,; U G) = {ZslI, +} U {[0, al] lae 
Q*, x} be a quasi interval pure neutrosophic bigroup of infinite 
order. 


Example 1.2.12: Let M = M; U M> = {[0, al] | a € Zo, +} U 
{Q’l, x} be a quasi interval pure neutrosophic bigroup of 
infinite order. 


We can replace in the definition the pure neutrosophic 
intervals by mixed neutrosophic intervals and study these 
structures. We will illustrate this situation by some examples. 


Example 1.2.13: Let V = {[0, at+bI] | a, b € Zoo, +} U {[0, 
atbI] | a, b € Z45, +} be a mixed neutrosophic interval bigroup. 


Example 1.2.14: Let M = M; UM) = {[0, a+bI] | a, b © Zo4, +} 
U {[0, atbI] | a, b € Zi, +} be a mixed neutrosophic interval 
bigroup of finite order. 

We can find substructures. 
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Example 1.2.15: Let M = M; U M> = {[0, atbI] | a, b € Zy2, 
+} U {[0, atbI] | a, b © Zys, +} be a mixed neutrosophic 
interval bigroup of finite order. Consider H = H; U Hp = 
{[0, atbI] la, b © {0, 10, 20, ..., 110} C Zio, +} U {[0, at+b]] | 
a,b e€ {0, 5, 10, 15, 20, ..., 40} C Zus, +} C M; U Mp, Hisa 
mixed neutrosophic interval subbigroup of finite order. 

We cannot construct mixed neutrosophic interval bigroups 
using R* or Q” for finding inverse of a + bl is not a easy task. 

Now we can define different types of interval bigroups. 
The following examples express their properties. 


Example 1.2.16: Let V = V; U V2 = {[0, a] la € R*, x} U 
{{0, al] | a © Zo, +} be a real-pure neutrosophic interval 
bigroup of infinite order. 


Example 1.2.17: Let M = M; U Mp = {([0, ail], [0, aol], 
(0, asl]) la; € Z4o, 1 <i <3, +} VU {[0, a] la e Q*, x} be a pure 
neutrosophic - real interval bigroup of infinite order. 


Example 1.2.18: Let P =P; U P2 =Ss5 U {[0, a] la € Zyo, +} be 
a quasi interval quasi pure neutrosophic bigroup of finite order 
which is non commutative. 


a; a, a; 
Example 1.2.19: Let M=M; JU Mo=,A=|a, a, a, |] IAl 
ag a, as 


# 0 with aj € Zs, 1S 1< 9, x} Uf[0, al] 1a © Zs, +} be a quasi 
interval pure neutrosophic bigroup of finite order. 


Example 1.2.20: Let M = M, U Mp = {Sp} u {[0, at+bI] la, b 
€ Zo, +} be a quasi interval mixed neutrosophic bigroup of 
finite order. 


Example 1.2.21: Let S = 8S; U S) = {ZI, +} u {[0, a+bI] | a, b 


€ Zy4, +} be a quasi interval neutrosophic bigroup of infinite 
order. 
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Example 1.2.22: Let M = Mi U Mp = {Q'T, x} u {0, atbl] | 
a, b € Zpg, +} be the quasi interval neutrosophic bigroup of 
infinite order. 


Example 1.2.23: Let P = P; U P; = {[0, a] la € Q*, x} U 
{[0, al] | a © Q*, x} be the quasi neutrosophic interval bigroup 
of infinite order. 

Now we can define pure neutrosophic interval group - 
semigroup, mixed neutrosophic interval group - semigroup, 
quasi interval neutrosophic group - semigroup and so on. 

From the very structure one can easily understand the 
algebraic structure, so we would give only examples of them. 


Example 1.2.24: Let V = V, U V2 = {[0, aJlae Z U{0}, x} 
U {[0, al] | a € Zoo, +} be a pure neutrosophic interval 
semigroup - group of infinite order. 


Example 1.2.25: Let M = M; U M2 = {[0, al] 1a © Zuo, X} U 
{({0, ail], [O, acl], [0, asI], [0, asl], [0, asI]) lai e Zs, 1 Si <5} 
be a pure neutrosophic interval semigroup - group of finite order 
which is commutative. 


Example 1.2.26: Let T=T, UT = {[0, al] lace Zu {0}, x} 
U {[0, al] | a € Q*, x} be a pure neutrosophic interval 
semigroup - group of infinite order. 


Example 1.2.27: Let P = P; U P»2 = {[0, al] la € Z45, x} U 
{[0, al] |a € R*, x} be a pure neutrosophic interval semigroup - 
group of infinite order. 


Example 1.2.28: Let M = M,; U Mp = {ZT vu {0}, x} u {0, al] 
la € Q’ U {0}, x} be a quasi interval neutrosophic semigroup 
group of infinite order. 


Example 1.2.29: Let V = V; U V2 = {Q*1U {0}, +} U {[0, all] | 


a € Zs, +} be a quasi interval pure neutrosophic semigroup - 
group of infinite order. 
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Example 1.2.30: Let V = Vi U V2 = {ZosI, +} VU {[0, al] la € 
Zi2, X} be a quasi interval pure neutrosophic group - semigroup 
of finite order. 


Example 1.2.31: Let M=M,UM)= {ZyplI, x} u {[0, al] lae 
Q*, x} be a quasi interval pure neutrosophic semigroup - group 
of infinite order. 

We can define substructure, if it has no subsemigroup - 
subgroup we call it simple if it has one of subsemigroup or 
subgroup (or in the mutually exclusive sense) we call it a quasi 
simple. We will give examples of these concepts. 


Example 1.2.32: Let V = V, U V2 = {Zpl, x} U {[0, al] la € 
Z30, +} be a quasi interval pure neutrosophic semigroup - group 
of finite order. 

Consider M = M; U Mp = {2Z, x} U {[0, al] la € {0, 3, 
6, ..., 27} C Zao, + } C Vi U Vo, M is a quasi interval pure 
neutrosophic subsemigroup - subgroup of V. 


Example 1.2.33: Let M=M,UM>)= {[0, alJlae ZU {0}, 
x} U {Q'T, x} be a quasi interval pure neutrosophic semigroup 
- group. Consider S = S; U S; = {[0, al] la e 5Z* U {0}, x} U 


1 
| = 
OP 


interval pure neutrosophic subsemigroup - subgroup of M. 


n=O1.2oner Cc M=M, U M, M is a quasi 


Example 1.2.34: Let V = V, U V2 = {[0, al] la € Zi, +} U 
{3ZeI = {0, 31}, x} be a quasi interval pure neutrosophic group - 
semigroup. Clearly V is simple. 


Example 1.2.35: Let V = V, U V2 = {[0, al] la € Zo3, +} U 
{Zool, x} be a quasi interval pure neutrosophic group - 
semigroup. 

Clearly V is a quasi interval pure neutrosophic quasi 
subgroup - subsemigroup as V has W = {Vj} U {2 Zool, X} C 
V; U V2 is a quasi group - semigroup. 
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Example 1.2.36: Let M= M; U Mp = {Zaol, +} U {[0, al] la € 
{0, 5} C Zio, X} be a quasi interval pure neutrosophic group - 
semigroup. M is only a quasi group-semigroup, for M; has 
subgroups but M> has no subsemigroups. 

Inview of these results we have the following theorems the 
proof of them are direct. 


THEOREM 1.2.1: Let V = {Z,I, +} U{[0, al] |a € Z,, x} bea 

quasi interval pure neutrosophic group - semigroup. V is a 

quasi interval pure neutrosophic quasi group - semigroup. 
Hint: (Z,I, +) has no subgroups. 


THEOREM 1.2.2: Let V= ({[0, al] | a € ZI, +} U{Z,., x} bea 
interval pure neutrosophic group - semigroup. V is quasi 
interval pure neutrosophic quasi group - semigroup. 


THEOREM 1.2.3: Let V = {Z'I {0}, x} U[[0, al] | a € Z,, +} 
be a quasi interval pure neutrosophic semigroup-group. V is 
not simple or quasi simple. 

Now we will give examples of quasi neutrosophic interval 


group. 


Example 1.2.37: Let V = V; U V2 = {[0, a] la € Zo, +} U {[0, 
al] |a € Q*, x} be a quasi neutrosophic interval bigroup. 


Example 1.2.38: Let M = M, U Mp = {[0, al] 1a € Q*, x} U 
{[0, al] la © Za4o, +} be a quasi neutrosophic interval bigroup. 


Example 1.2.39: Let L=L, UL, = {[0, al] | a € Z3 \ {0}, x} 
U {[0, aI] | a © Zs \ {0}, x} be a quasi neutrosophic interval 
bigroup. 


Example 1.2.40: Let V = V; U V2 = {Ss} U {[0, al] lace Q’, 
x} bea quasi neutrosophic quasi interval bigroup. 


Example 1.2.41: Let S=S,; US) = {Z, +} U {[0, al] la e Z7\ 
{0}, x} be a quasi neutrosophic quasi interval group-semigroup. 
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Example 1.2.42: Let S = 8; U S2 = {ZL +} u {[0, aJlae Q*, 
x} be a quasi interval quasi neutrosophic bigroup. 


Example 1.2.43: Let P = P, U P2 = {Q'T, x} U {[0, a] la © Zas, 
+} be a quasi interval quasi neutrosophic bigroup. 


Example 1.2.44: Let W = W, U W2= {S (20)} u {[0, al] lal € 
Q*, X} be a quasi interval quasi neutrosophic semigroup - group. 


Example 1.2.45: Let V = V; U V2 = {Z, +} U {[0, al] lae 
3Zi20, X} GC Vi U V2 = V be a quasi interval quasi neutrosophic 
group - semigroup. 


Example 1.2.46: Let T=T, U T2 = {Z47\ {0}, x} U {[0, al] la 
€ Zso, X} be a quasi interval quasi pure neutrosophic group - 
semigroup of finite order. 

0 (T) = 46 x 50. 

Consider W = W; U W2 = {{1, 46} C Za7 \ {0}, x} U {[0, 
al] la e {0, 5, 10, 15, 20, ..., 45}, x} CT; UT, =T; Wisa 
quasi interval quasi neutrosophic subgroup - subsemigroup of 
finite order. 

o (W) =2 x 10 ando (W)/0(T). 

Now having seen examples of a quasi interval quasi pure 
neutrosophic group - semigroups we proceed onto give 
examples of quasi interval mixed neutrosophic group - 
semigroups and so on. 


Example 1.2.47: Let M = M, U M> = {[0, atblI] la, b € Zs, +} 
U {[0, atbI] | a, b € Z* U {0}, x} be a neutrosophic interval 
group - semigroup. 


Example 1.2.48: Let T=T,; UT. = {[0, a+bI] la, b € Zso, x} U 
{[0, a+bI] | a, b € Zoo, +} be a neutrosophic interval semigroup - 
group. 


Example 1.2.49: Let F = F; U F, = {[0, atbl] | a, b € Q* U 
{O}, +} U {[0, at+bI] | a, b © Zs, +} be a neutrosophic interval 
semigroup - group. Consider H = H; U Hp = {[0, atbI] la, b € 
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ZU {0}, +} U {[0, atbI] la, b € {0, 3, 6, 9, 12}, +} CF; UF) 
= F, H is a neutrosophic interval subsemigroup - subgroup of F. 


Example 1.2.50: Let M = M; U M> = {[0, a] | a € Zs, +} U 
{[0, atbI] la, b € Z* U {0}, x} be a quasi neutrosophic interval 
group - semigroup. 


Example 1.2.51: Let T = T,; UT2 = {[0, a+bI] la, b € Zio, +} U 
{Z, X} be a quasi neutrosophic quasi interval group - semigroup. 


Example 1.2.52: Let B = B, U Bz = {[0, al+b] | a, be Qu 
{0}, +} U {ZsI, +} be a quasi interval neutrosophic semigroup 
- group. 


Example 1.2.53: Let V = V, U V2 = {Sx} U [0, at+bI] | a, b € 
R* U {0}, +} be a quasi neutrosophic quasi interval group - 
semigroup. 


Example 1.2.54: Let M = M; UM) = {ZusI, x} U [0, aJlae 
Zao, +} be a quasi interval quasi neutrosophic semigroup group. 


Now having seen examples of neutrosophic interval 
bistructures using groups, semigroups and group-semigroup, we 
proceed onto define the notion of biinterval neutrosophic 
groupoids or neutrosophic interval bigroupoids. 


1.3 Neutrosophic Biinterval Groupoids 


In this section we introduce the notions of neutrosophic 
biinterval groupoids or neutrosophic interval bigroupoids and 
discuss some of their important properties. 


DEFINITION 1.3.1: Let G = G; UG» where both G; and G> are 
pure neutrosophic interval bigroupoids such that G; #G2; G; ¢ 
G, and G2 € G;. G will also be known as pure neutrosophic 
biinterval groupoids. 

We will illustrate this situation by some examples. 
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Example 1.3.1: Let G= G, U G = {[0, al] lal © Zl; *, (t, u) = 
(3, 2), tt ue Ze} U {[O, bI] | b € Zuo, *, (8, 19)} be a pure 
neutrosophic interval bigroupoid of finite order. 


Example 1.3.2: Let M =M,; U M>= {[0, al] lal € Z* U {0}, *, 
(8, 17)} U {[0, al] 1a € Zi4, *, (0, 3)} be a pure neutrosophic 
biinterval groupoid of infinite order. 


Example 1.3.3: Let G=G,U G = {[0, al] la € Zj5, (3, 7), *} 
U {[0, aI] la € Z,, (2, 3), *} be a pure neutrosophic interval 
bigroupoid of finite order. 


Example 1.3.4: Let G = G, U G; = {[0, al] |a e R® u {0}, 
(3/4, V2 *1 U {[0, al] la € Q* U {0}, (27,4/11), *} be a pure 


neutrosophic interval bigroupoid of infinite order. Clearly G is 
non commutative. 


Example 1.3.5: Let T = T, U T2 = {[0, al] la € Q* U {0}, *, 
(5, 8)} U {[0, al] | a € Zz, (S, 8), *} be a pure neutrosophic 
interval bigroupoid of infinite order. 


Example 1.3.6: Let M = M,; U M> = {[0, al] la € Zs, *, (3, 
11)} U {[0, al] 1a € Zs, *, (11, 3)} be a pure neutrosophic 
interval bigroupoid of finite order. 

0 (M) = 52 x 25. 


Example 1.3.7: Let T =T; U T2 = {[0, al] la © Zys, (8, 9), *} 


U {[0, al] |a € Zus, (9, 8)*} be a pure neutrosophic interval 
bigroupoid of order 45 x 45. 


Example 1.3.8: Let G = G, U G = {[0, al] |a € Z,, (3, 3), *} 
U {[0, aI] la € Zu, (5, 5), *} be a pure neutrosophic interval 


bigroupoid of biorder 7 x 11 = 77. 


We can define substructures on them. 
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DEFINITION 1.3.2: Let G = G; UG, be a pure neutrosophic 
interval bigroupoid and H = H; UH, C G; UG, be a proper 
bisubset of G. If H itself is a pure neutrosophic interval 
bigroupoid under the operations of G then we define H to be a 
pure neutrosophic interval subbigroupoid of G. 

We will illustrate this situation by an example. 


Example 1.3.9: Let V = V, U V2 = {[0, al] 1a € Zo, *, (5, 3)} 
U {[0, al] |a € Ze, (2, 4), *} be a pure neutrosophic interval 
bigroupoid. Take M = M,; UM>= {[0, al] lae {1, 2, 4,5, 7, 8} 
C Zo, *, (5, 3)} U {[0, al] la € {0,3} Zo, *, 2, 4} CVV 
V> is a pure neutrosophic interval subbigroupoid of V. 

Interested reader can give more examples of them. 

We can define Smarandache pure neutrosophic interval 
bigroupoid as a pure neutrosophic interval bigroupoid as a pure 
neutrosophic interval bigroupoid G = G,; U G», were both G, 
and G, are Smarandache pure neutrosophic interval groupoids. 

We will illustrate this situation by some examples. 


Example 1.3.10: Let G=G,; U G = {[0, al] la € Zio, (5, 6), *} 
U {[0, al] | a € Zio, (3, 9), *} be a pure neutrosophic interval 
bigroupoid, clearly G is a S-pure neutrosophic interval 
bigroupoid. 


Example 1.3.11: Let M = M; U Mp = {[0, al] la € Ze, *, 
(3, 5)} U {[0, al] la © Zu, (2, 3), *}; M is a Smarandache pure 
neutrosophic interval bigroupoid. 

We can define special identities on pure neutrosophic 
interval bigroupoids. 


Example 1.3.12: Let V = V, U V2 = {[0, al] la © Zio, (1, 2), *} 
U {[0, al] |a © Zs, (1, 6), *} be a pure neutrosophic interval 
bigroupoid. V is a S-pure neutrosophic interval bigroupoid. 

We can define pure neutrosophic interval biideal of a 
bigroupoid. We give an example of it. The biideal can be a left 
- right ideal of a right - left ideal or just a biideal. 
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Example 1.3.13: Let V = V, U V2= {[0, al] lae Zu, *, (2, 3)} 
U {[0, al] la € Ze, *, (4, 5)} be a pure neutrosophic interval 
bigroupoid. Consider =I, UI, = {[0, al]Jlae {1,3} CZ, *, 
(2, 3)} U {[0, alJlae {1, 3,5} CZ, * (4, 5)} CVi U Vo, Lis 
a pure neutrosophic interval left biideal of V. 

We will give examples and results of pure neutrosophic 
interval bigroupoids which satisfy different identities. 


Example 1.3.14: Let G = G,; U G = {[0, al] la € Zip, (5, 8), *} 
U {[0, al] la € Zus, (20, 26), *} be a pure neutrosophic interval 
bigroupoid. G is an idempotent bigroupoid. 


Example 1.3.15: Let W = W, U W2= {[0, al] la € Zis, (6, 10), 
*) Uf{[0, al] | a © Zi, (15, 7), *} be a pure neutrosophic 
interval bigroupoid. W is a idempotent bigroupoid as both W, 
and W> are idempotent groupoids. 

In view of this we have the following theorem. 


THEOREM 1.3.1: Let V = V; UV> = {[0, al] | a € Z,, (t, u); *} 
U{[0, bI] |b € Zn (7, 8); *} be a pure neutrosophic interval 
bigroupoid. V is a pure neutrosophic interval idempotent 
bigroupoid if and only if t + u =1 (mod n) and r + s =1 (mod 
m). 

Proof is simple and is left as an exercise to the reader [11]. 


Example 1.3.16: Let V = V; U V2= {[0, al] la € Ze, (4, 3), *} 
U {[0, aI] | a € Zio, (5, 6), *} be a pure neutrosophic interval 
bigroupoid. Infact V is a pure  neutrosophic interval 
bisemigroup. 


Example 1.3.17: Let V = V, U V2= {[0, al] la € Zy4, (8, 7), *} 
U {[0, al] 1a © Zs, (11,12), *} be a pure neutrosophic interval 
bigroupoid which is a pure neutrosophic interval bisemigroup. 

Inview of this we have the following theorem the proof of 
which is direct [ ]. 


THEOREM 1.3.2: Let V = V; UV? = {[0, al] |a © Z,, (t, u), *} 
U {f[0, al] | a € Zy, (1, 8), *} be a pure neutrosophic interval 
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bigroupoid. V is a pure neutrosophic interval bisemigroup if 
and only if =t (mod n), uv =u (mod n) for t, u € Z,\ {0} with 
(t, u) = Landr =r(mod m), s’ =s (mod m) (r, s) = lL andr, s € 
Zoi NO), 


Now we will give examples of pure neutrosophic interval 
bigroupoids which are bisimple. 


Example 1.3.18: Let V = V; U V2 = {[0, al] 1a € Zp, (19, 2), 
*} U {[0, al] | a € Zs, (23, 2), *} be a pure neutrosophic 
interval bigroupoid, V is bisimple. 


Example 1.3.19: Let V = V; U V2 = {[0, al] 1a € Zjo, (17, 2), 
*} U {[0, al] | a © Zoo, *, (22, 7)} be a pure neutrosophic 
interval bigroupoid which is bisimple. 


THEOREM 1.3.3: Let V = V; UV> = [{[0, al] | a € Z,, (t, u), *} 
U {[0, al] | a € Zy, (r,s), *} be a pure neutrosophic interval 
bigroupoid. Ifn = ttu and m=r+s with t, u, rand s primes then 
V is bisimple. 


The proof is direct and uses simple number theoretic 
techniques only. 


THEOREM 1.3.4: Let V= V; UV2 = {[0, al] | a € Z,, (t, u), *} 
U{[0, al] | a € Z, (1,8), *} where p and q are primes be a pure 
neutrosophic interval bigroupoid. If t + u = p, (t, u) = 1 andr 
+s =qand (s, r) = 1 then Vis bisimple. 

For proof is simple and direct and hence left as an exercise 
to the reader. 


Example 1.3.20: Let V = V; U V2 = {[0, al] la € Zo, (13, 7), 
*} U {[0, bI] | a € Za, (23, 20), *} be a pure neutrosophic 
interval bigroupoid {0} U {0} is not a biideal of V. 

Thus we can say if V = V; U V> is a pure neutrosophic 
interval bigroupoid with V, = {[0, al] la eé Z,, (t, u) = 1, *} and 
V2 = {[0, bI] |b € Z,, @, s) = 1, *} then {0} U {0} is not a 
biideal of V. 
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We can define notion of normal bigroupoid as follows. If V 
= V; U V2 is a pure neutrosophic interval bigroupoid, we say G 
= G, UG, Cc V; U V2 to be a pure neutrosophic interval normal 
subbigroupoid if 
(a) (a; U ag) (Gy U Gy) = a;G; U a2 Gy 
(b) (Gi U Ga) (X1 U X2)) (1 U y2) 
= (G; U Gy) [(K1 U X2) (y1 U ya)] 
That is Gy (X1 yi) U Go (% yo) 
= (G; X1) yi U (Go Xa) V2 
(c) ((X1 U X2) (yi U y2)) (Gi U Go) 
= (x1 U Xa) ((y1 U yz) G). 
That is (xX; yi) Gi U (%2 yo) Go = X%1 (yi Gi) U 
Xo (Yo G) for all Xj, yi, a1 € Gy and Xo, y2, a2 € Go. 


If V = V, U V> the pure neutrosophic interval bigroupoid 
satisfies (a), (b) and (c) that is if G is replaced by V) then we 
say the bigroupoid to be binormal. 

We give an example of normal bigroupoids. 


Example 1.3.21: Let V = V, U V2= {[0, al] la € Z,, (3, 3), *} 
U {[0, bI] la € Zio, (11, 11), *} be a pure neutrosophic interval 
bigroupoid. V is a normal bigroupoid. 

In view of this example we have the following theorem. 


THEOREM 1.3.5: Let V= V; UV2 = {[0, al] |a € Z, (t,t), *t 
<p} Uf[0, bI] |b &€ Z,, (s, s), * 8 <q}, p and q primes bea 
pure neutrosophic interval bigroupoid. V is a normal interval 
bigroupoid. 

Proof is direct and simple [11]. We can define P- 
bigroupoids as in case of pure neutrosophic interval bigroupoid 
if both the interval groupoids are P-groupoids. We will provide 
some examples. 


Example 1.3.22: Let G= G; U G = {[0, al] la © Zu, (7, 7), *} 


U {[0, aI] la © Zi, (5, 5), *} be a pure neutrosophic interval 
bigroupoid. G is a P-bigroupoid. 


46 


Example 1.3.23: Let S = 8S; U Sz = {[0, al] la € Zio, *, (10, 
10)} U {[0, al] |a © Za, *, (8, 8)} be a pure neutrosophic 
interval bigroupoid. S is a P-bigroupoid of finite order. 

In view of this we have the following theorem the proof of 
which is direct and hence left as an exercise to the reader. 


THEOREM 1.3.6: Let P = P; UP, = {[0, al] | a &€ Z,, (t, t); 
O<t<n, *} Uf{[0, al] | a € Zy (s, 5), O< 5s <m, *} be a pure 
neutrosophic interval bigroupoid. P is a pure neutrosophic 
interval P-bigroupoid of order mn. 

Note n can be prime or composite still the conclusions of 
the theorem is true. 

We will now provide examples of alternative bigroupoids 
and bigroupoids which are not alternative. 


Example 1.3.24: Let S = S; U S2 = {[0, al] 1a € Zoe, *, 14, 
14)} Uf{[O, al] la € Za, *, (24, 24)} be a pure neutrosophic 
interval bigroupoid. S is a pure neutrosophic interval alternative 
bigroupoid. 


Example 1.3.25: Let P = P; U Po = {[0, al] la € Zn, *, (12, 
12)} U {[0, al] | a € Zao, *, (10, 10)} be a pure neutrosophic 
interval bigroupoid. It is easily verified P is a pure neutrosophic 
interval alternative bigroupoid. 

In view of this we have the following theorem. 


THEOREM 1.3.7: Let V = V; UV2 = {[0, al] | a € Z,, (1, t), *} 
U {[0, al] | a € Zy, (Ss, 8), *} be a pure neutrosophic interval 
bigroupoid where m and n are primes. V is a pure neutrosophic 
interval alternative bigroupoid if and only if ° =t (mod n) and 
sy =s (mod m). 

Proof is direct however the interested reader can refer [11]. 
We give now examples of pure neutrosophic interval 
bigroupoids which are not alternative. 


Example 1.3.26: Let M = M; UM> = {[0, al] la € Zu, *, (8, 


8)} U {[0, al] | a € Zs3, *, (12, 12)} be a pure neutrosophic 
interval bigroupoid. M is not an alternative bigroupoid. 
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Example 1.3.27: Let P = P; U P2 = {[0, al] 1a € Zp, *, (5, 5)} 
U {[0, al] 1a © Zs, *, (8, 8)} be a pure neutrosophic interval 
bigroupoid. P is not an alternative bigroupoid. 

Inview of this we have the following theorem which 
guarantees a non empty class of bigroupoids which are not 
alternative. 


THEOREM 1.3.8: Let P = P; UP; = {[0, al] |a € Z, *, (t, t)} 
Uf{[0, al] |a eZ, *, (s, s)} (1 <t<p, 1<s<qwhere p andq 
are primes) be a pure neutrosophic interval bigroupoid. P is 
not a pure neutrosophic interval alternative bigroupoid. 

We just give an hint to the proof of the theorem. 

Given 1 < t <p, 1 <s <q. Consider the alternative identity 
(x*y)*y = x* (y*y), for x, y © P. We see equality can never be 
achieved. 


Let x = [0, aI] U [0, aol] and 
y= [0, b,I] U [0, bel] be in P. 


It is simple to show x* (y*y) # (x*y)*y 
(For refer [11]). 


Example 1.3.28: Let G = G; U G = {[0, al] |a © Zu, *, 
(0, 24)} U {[0, bI] | a € Ze, *, (O, 3)} be a pure neutrosophic 
interval bigroupoid. G is both an alternative bigroupoid and P- 
bigroupoid. 


Example 1.3.29: Let S = S; U So = {[0, al] la € Zio, *, (0, 6)} 
U {[0, aI] | a € Zso, *, (0, 10)} be a pure neutrosophic interval 
bigroupoid. Clearly S is both an alternative bigroupoid and P- 
bigroupoid. 

In view of these examples we have the following theorem 
the proof of which is left as an exercise to the reader. 


THEOREM 1.3.9: Let P = P; UP) = {[0, al] | a € Z,, (0, t), *} 
U{[0, al] | a € Z,, (0, s), *} be a pure neutrosophic interval 
bigroupoid. P is an alternative bigroupoid and a P-bigroupoid 
if and only if =t (mod n) and S =s (mod m). 
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We still have an interesting theorem which states as 
follows: 


THEOREM 1.3.10: Every interval subbigroupod of a 
Smarandache pure neutrosophic interval bigroupoid S need not 
in general be a Smarandache pure neutrosophic interval 
subbigroupoid of S. 

The proof is by counter example. 


Example 1.3.30: Let G=G, U G = {[0, al] la € Ze, *, (4, 5)} 
U {[0, al] |a € Z,, *, (2, 4)} be a pure neutrosophic interval 
bigroupoid. Consider H = H; U H2 = {[0, al] la e {0,2, 4} c 
Zo, *, (4, 5)} U {[0, al]lae {0, 2,4} cZ, *} CG; JQ =G; 
H is a pure neutrosophic interval subbigroupoid of G but is not a 
Smarandache pure neutrosophic interval subbigroupoid of G. 

The notion of Smarandache conjugate subbigroupoid in 
case of pure neutrosophic interval bigroupoids can be defined as 
a matter of routine [11]. 

We define a pure neutrosophic interval bigroupoid G; U G» 
= G to be a Smarandache Moufang bigroupoid if there exists 
Smarandache subbigroupiod H = H; U Hz in Gy U Gy which 
satisfies the Moufang identity. 

If every Smarandache pure  neutrosophic interval 
subbigroupoid satisfies the Moufang identity then we define G 
to be a Smarandache strong Moufang bigroupoid. 

We will illustrate this by some examples. 


Example 1.3.31: Let G=G,; U G = {[0, al] la € Zio, *, (5, 6)} 
U {[0, al] | a © Zio, *, (3, 9)} be a pure neutrosophic interval 
bigroupoid. G is a Smarandache pure neutrosophic interval 
Moufang bigroupoid. 

On similar lines we can define the notion of Smarandache 
pure neutrosophic interval Bol bigroupoid, Smarandache strong 
pure neutrosophic interval Bol bigroupoid, Smarandache pure 
neutrosophic interval P-bigroupoid and Smarandache strong 
pure neutrosophic interval P-bigroupoid. 


Example 1.3.32: Let P= P,; U P2 = {[0, al] la € Zp, *, (3, 4)} 
U {[0, al] 1a € Zu, *, (2, 3)} be a pure neutrosophic interval 
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bigroupoid. P is a Smarandache pure neutrosophic interval Bol 
bigroupoid. 


Example 1.3.33: Let G = G,; U G = {[0, al] |a € Ze, (4, 3), *} 
U {[0, al] la © Z, (2, 3), *} be a pure neutrosophic interval 
bigroupoid. G is a Smarandache pure neutrosophic interval 
strong P-bigroupoid of order 6 x 4. 


Example 1.3.34: Let G = G,; U G = {[0, al] la € Zy4, (7, 8), *} 
U {[0, aI] 1a © Zio, (1, 6), *} be a pure neutrosophic interval 
bigroupoid. G is a Smarandache pure neutrosophic interval 
strong alternative bigroupoid. 

We define a map 1 from two Smarandache pure 
neutrosophic interval bigroupoids V = V; U V2 and G = G; U 
G, if nN is a bisemigroup homomorphism or semigroup 
bihomomorphism from A = A; U A: to B = By U Bz where A Cc 
V and B c G are pure neutrosophic interval bisemigroup of V 
and G respectively. 

That is 7 : V — G such that n ((a; U a2) * (Xi U X2)) 

= (ai U a) * N (Xi U Xo) where aj, x; € Aj; 1=1,2. 

Clearly a;, x; are neutrosophic intervals of the form [0, tI] 
and [0, pil], i=1,2. 

Interested reader can construct such interval; bigroupoid 
bihomomorphism. 


Example 1.3.35: Let G = G,; U G = {[0, al] la € Zs, (1, 3), *} 
U {[0, al] |a © Zs, (2, 1), *} be a pure neutrosophic interval 
bigroupoid. Clearly G is not a Smarandache pure neutrosophic 
interval bigroupoid. 


Example 1.3.36: Let P = P; U P2 = {[0, al] |a € Z,, (5, 3), *} 
U {[0, al] |a © Zu, (3, 2), *} be a pure neutrosophic interval 
bigroupoid. Clearly P is a Smarandache pure neutrosophic 
interval bigroupoid. 

In view of the above examples we have the following 
theorem. 
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THEOREM 1.3.11: Let G = G; UG) = {[0, al] | a € Z,, (t, u), 
*)] Uff0, al] |a € Zn, (1, S), *} be a pure neutrosophic interval 
bigroupoid. G is a Smarandache pure neutrosophic interval 
bigroupoid if (t, u) =1, t Au, ttu =1 (mod n) and (r, s) = 1, 5 # 
r, r+s =1 (mod m). 

The proof is direct uses only simple number theoretic 
techniques. 


THEOREM 1.3.12: Let G = G; UG = {[0, al] | a € Zy, (J, 2), 
*} U{10, bI] | b & Zo,, (1, 2), *} where p and q two distinct odd 
primes. Gis a pure neutrosophic interval bigroupoid which is a 
Smarandache bigroupoid. 

We just give an hint for the proof. Consider S = {[0, pI]} U 
{[0, qI]} c G,; U G; G is a pure neutrosophic interval 
bisemigroup in G. Hence the claim. 


COROLLARY 1.3.1: Let G = G; UG, = {[0, al] | a € Z3,, *, 
(1, 3)} U{[0, bI] | b € Z3q (1,3), *} (where p and q are odd 
primes) be a pure neutrosophic interval bigroupoid. Clearly G 
is a Smarandache bigroupoid. 


COROLLARY 1.3.2: Let G = G; UG) = {[0, al] | a € Z, *, (J, 
P); p a prime and p/n} U {[0, bI] | b € Z,, *, (1,q), qa prime 
and q/m} be a pure neutrosophic interval bigroupoid. Then G is 
a Smarandache pure neutrosophic interval bigroupoid. 


THEOREM 1.3.13: Let G = G; UG = {[0, al] | a € Z,, (t, u), 
*] Uf[0, bI] |b € Z,, (s, r), *} be a pure neutrosophic interval 
bigroupoid. If ttu =1 (mod n) and r+s =1 (mod m) then G is a 
Smarandache pure — neutrosophic interval idempotent 
bigroupoid. 


THEOREM 1.3.14: Let G = G; UG) = [0, al] |a € Z,, (t, u), 
*] Uff0, bI] |b € Z,, (7, s), *} with t+ u =1 (mod n) and r+s 
= 1 (mod m) be a Smarandache neutrosophic interval P - 
bigroupoid if and only fe =t (mod n), r=r (mod m) uw =u 
(mod n), s° =s (mod m). 
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Simple number theoretic methods yield the proof of the 
theorem. 


THEOREM 1.3.15: Let G = G; UG = [0, al] |a € Z,, (t, uw), 
*) Uff0, bI] |b € Z,, (7, 8), *} with ttu =1 (mod n) and r+s = 
I (mod m). G is a Smarandache strong pure neutrosophic Bol 
bigroupoid if and only ft =t (mod n), “Su (mod n), Pr =r 
(mod m) and S =s (mod m). 

This proof also is direct and the reader is expected to prove 
the theorem. 

Similarly it is easily verified that pure neutrosophic interval 
bigroupoid — satisfying condition of theorem 1.3.14 is 
Smarandache strong Moufang interval bigroupoid. 


THEOREM 1.3.16: Let G = G; UG; = [0, al] |a € Z,,, (m, m), 
*) U{10, al] |b € Z, (u, u), *} with m+m =1 (mod n) and u+u 
= 1 (mod t) with m =m (mod n) and uw =u (mod t) be a 
Smarandache pure neutrosophic interval bigroupoid. Then 


G is a Smarandache idempotent bigroupoid. 

G is a Smarandache strong P-bigroupoid. 

G is a Smarandache strong Bol bigroupoid. 

G is a Smarandache strong Moufang bigroupoid. 
G is a Smarandache strong alternative bigroupoid. 
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The proof is left as an exercise to the reader. 

Interested reader can derive more properties in this 
direction. We can define pure neutrosophic interval groupoid - 
semigroup which is illustrated by some examples. 


Example 1.3.37: Let G = G; U G = {[0, al] la € Zao, x} U 
{[0, bI] | b € Zio, (3, 8), *} be a pure neutrosophic interval 
semigroup - groupoid. 


Example 1.3.38: Let G= G, U G)= {[0, al] lae Z' u {0}, x} 


U [0, bI] |b € Z* U {0}, ©, 8), *} be a pure neutrosophic 
interval semigroup - groupoid. 
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Example 1.3.39: Let M = M; UM) = {[0, al] la € Zs, x} U 
{{O, al] | a € Zus, (3, 7), *} be a pure neutrosophic interval 
semigroup - groupoid. 

We can define substructures in them which is a matter of 
routine. 

We can also define Smarandache pure neutrosophic interval 
groupoid - semigroup G = G; U Gy as one in which both the 
groupoid and the semigroup are Smarandache. If only one of 
them (semigroup or groupoid) is Smarandache then we define 
that G to be a quasi Smarandache pure neutrosophic interval 
groupoid - semigroup. 

We will now illustrate both the situations by some 
examples. 


Example 1.3.40: Let G = G; U G = {[0, al] la € Zu, x} U 
{{O, al] | a € Zoo, (45, 45), *} be a Smarandache pure 
neutrosophic interval semigroup - groupoid. 


Example 1.3.41: Let G = G, U G = {[0, al] |a € Ze, (3, 4), *} 
U {[0, al] | a © Zys, xX} be a Smarandache pure neutrosophic 
interval groupoid - semigroup. 


Example 1.3.42: Let P = P; U P2 = {[0, al] la € Z,, (5, 3), *} 
U {[0, al] | a © Zi20, x} be a Smarandache pure neutrosophic 
interval groupoid - semigroup. 


Example 1.3.43: Let G = G; UG; = {[0, al] la € Zz, xX} U 
{{0, al] 1a € Zo, (5,3), *}. Gis only a quasi Smarandache pure 
neutrosophic interval groupoid - semigroup. The groupoid is 
not a Smarandache pure neutrosophic interval groupoid. 


Example 1.3.44: Let G = G; U G2 = {[0, al] lae Z* U {0}, +} 
U {[0, al] |a © Zs, (1, 6), *} be a pure neutrosophic interval 
semigroup - groupoid. G is only a quasi Smarandache pure 
neutrosophic interval semigroup - groupoid as the semigroup is 
not a Smarandache semigroup. 

In general all pure neutrosophic interval groupoid - 
semigroup need not be Smarandache pure neutrosophic interval 
groupoid - semigroup. 
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This is established by the following examples. 


Example 1.3.45: Let G = G; U G2 = {[0, al] lae Z* U {0}, +} 
U {[0, al] | a € Zo, (5, 3), *} be a pure neutrosophic interval 
semigroup - groupoid. G is not a Smarandache pure 
neutrosophic interval semigroup - groupoid. 


Example 1.3.46: Let M = M; U Mp = {[0, al] |a € R* u {0}, 
+} U {[0, al] la € Zs, (2, 1), *} be a pure neutrosophic interval 
semigroup - groupoid. Clearly M is not Smarandache. 

Now we can also define pure neutrosophic quasi interval 
bigroupoid G = G; U G, where only one of G; or G» is a pure 
neutrosophic interval groupoid. 

We will illustrate this situation by some examples. 


Example 1.3.47: Let G = G, U G = {[0, al] |a € Zo, (5, 3), *} 
U {Ziol, C, 2), *} be a pure neutrosophic quasi interval 
bigroupoid. 


Example 1.3.48: Let F = F; U Fy) = {[0, al]Jlae ZV {0}, 2, 
4), *} U {Zisl, *, (7, 11)} be a pure neutrosophic quasi interval 
bigroupoid of infinite order. 


Example 1.3.49: Let V = V, U V2 = {Ziosl, *, (43, 17)} U {[0, 
al] | a € Zi25, X} be a pure neutrosophic quasi interval groupoid 
- semigroup. 

We now also define the notion of quasi pure neutrosophic 
interval bigroupoids etc. 


Example 1.3.50: Let G= G,; U Gp = {[0, a] la € Zy20, (1, 5), *} 
U {[0, al] la € Za, (3, 17), *} be a quasi pure neutrosophic 
interval bigroupoid. 


Example 1.3.51: Let M = M; U Mp = {[0, a] la € Zio, *, (0, 


7)} U {[0, al] la € Zi27, (3, 0), *} be a quasi pure neutrosophic 
interval bigroupoid. 
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Example 1.3.52: Let T = T; UT. = {[0, aJ lae Zu {0}, *, 
(6, 13)} U {[0, al] | a € Zao, (, 19), *} be a quasi pure 
neutrosophic interval bigroupoid of infinite order. 


Example 1.3.53: Let R =R; UR> = {[0, al] la © Zio, *, GB, 3)} 
U {[0, a] |a © Zio, (2, 13), *} be a quasi pure neutrosophic 
interval bigroupoid. 

We can define quasi pure neutrosophic quasi interval 
bigroupoid also. We will give examples of them. 


Example 1.3.54: Let V = V; U V2 = {Zio, (G3, 11), *} U {[0, al] 
la € Zayas, *, (8, 23)} be a quasi pure neutrosophic quasi interval 
bigroupoid of finite order. 


Example 1.3.55: Let M = M; U Mp = {Zp3I, *, (11,13)} U {[0, 
a] la € Za, *, (8, 11)} be a quasi pure neutrosophic quasi 
interval bigroupoid. 

These combined quasi structures can be Smarandache 
strong Bol  bigroupoid, Smarandache strong Moufang 
bigroupoid, Smarandache strong P-bigroupoid and so on. All 
properties can be derived with appropriate modifications. 

Now we proceed onto give examples of quasi pure 
neutrosophic quasi interval groupoid - semigroup. 


Example 1.3.56: Let S = S; U S> = {[0, al] la € Za, x} U 
{Zyol, (8, 11), *} be a quasi pure neutrosophic quasi interval 
semigroup - groupoid. 


Example 1.3.57: Let P= P, UP, = {[0, al] la © Zn, x} U {Za,, 
(3, 17), *} be a quasi pure neutrosophic quasi interval 
semigroup - groupoid. 


Example 1.3.58: Let M = M; U Mp = {[0, al] |a € Za, (8, 12), 
*} U {Z, xX} be a quasi pure neutrosophic quasi interval 
groupoid - semigroup. 

We also state here that we can replace pure neutrosophic 
intervals [0, al] in all these algebraic structures by the mixed 
neutrosophic algebraic structures [0, a+bI] and get all related 
results with simple, appropriate modifications. 
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Now we can also define the notion of pure neutrosophic 
interval group - groupoid and their quasi analogue. We only 
give illustrative examples and leave the work of defining this 
structure to the reader. 


Example 1.3.59: Let P = P; U P2 = {[0, al] la e Za, +} LU {[0, 
al] | a € Zao, *, (3, 7)} be a pure neutrosophic interval group - 
groupoid. 

Thus by defining this mixed neutrosophic bistructure we get 
an associative and non associative neutrosophic algebraic 
structure. 


Example 1.3.60: Let M = M, U M2 = {[0, al] la € R*®, x} U 
{{0, al] |a € Zs, *, (7, 11)} be a pure neutrosophic interval 
group - groupoid of infinite order. 


Example 1.3.61: Let V = V; U V2 = {[0, at+bI] 1a, b € Zs, +} 
U {[0, at+bI] | a, b € Zs, (3, 7), *} be a neutrosophic interval 
group-groupoid. 

This contains H = H; U H2 = {[0, al] la € Zs, +} VU {[0, 
al] |a € Zos, (3, 7), +} GC Vi U Vo = V the pure neutrosophic 
interval group - groupoid as well as S = S; U S2 = {[0, aJ la eé 
Zos, +} U{[O, al] la € Zs, *, (3, 7)} C Vi U Vo = V which is a 
interval group - groupoid as its substructure. Thus one of the 
advantages of studying these mixed neutrosophic interval 
bistructures is that they contain both pure neutrosophic interval 
bistructure as well as interval bistructure as its subbistructure. 


Example 1.3.62: Let T=T, U To = {[0, al] la e Zao, +} VU {[0, 
a+bI] | a, b € Zao, (8, 5), *} be a neutrosophic interval group- 
groupoid. T has pure neutrosophic interval subgroup - 
subgroupoid given by S = S; U So = {[0, al] lae {2Zu9}, +} U 
{[O, bI] | a € Zu, (8, 5), *} C Ty; UT. however T has no 
interval subgroup - subgroupoid. 

Interested reader can derive related results in this direction. 
We also can have mixed quasi neutrosophic quasi interval 
groupoid - groups which is illustrated by the following example. 
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Example 1.3.63: Let V = V; U V2 = {[0, al+b] | a, b € Za, 
(7, 11), *} U {S3} be a quasi mixed neutrosophic quasi interval 
groupoid - group. 


Example 1.3.64: Let S=S, U S) = {[0, at+bI] | a, b © Zy9, +} 
U {Zp7 (3, 8), *} be a quasi mixed neutrosophic quasi interval 
group - groupoid. 


Example 1.3.65: Let M=M, U Mp = {[0, al+b] | a, b € Za, (8, 
14), *} U {Ziss, +} be a quasi mixed neutrosophic quasi 
interval groupoid - group. 


1.4 Neutrosophic Interval Biloops 


In this section we proceed onto define the notion of 
neutrosophic interval biloops and their generalization. For loops 
please refer [9, 13]. 


DEFINITION 1.4.1: Let L = {[0, a] | a € Z, or R* U {0} or O* 
U {0} or Z* U {0}} be the collection of intervals. If a binary 
operation * on L be defined so that L is a loop; that is * satisfies 
the following condition. 
(a) For every [0, a], [0, b] in L 
[0, a] * [0, b] € L. 
(b) [0, a] * ([0, b] * [0, c]) #([0, a] * [0, b]) * [0, c] for 
atleast some [0, a], [0, b] and [0, c] in L. 
(c) There exists an element [0, e] in L such that 
10, a] * [0, e] = [0, e] * [0, a] = [0, a] for all [0, a] in 
L called the identity element of L. 
(d) For every pair ([0, a], [0, b]) in L xX L there exists a 
unique pair ([0, x], [0, y]) in L XL such that 
[0, a] * [0, x] = [0, b] and 
[0, y] * [0, a] = [0, b]. 


We will illustrate this situation by some examples. 


Example 1.4.1: Let L = {[0, a] |a © Ls (2), *} be an interval 
loop of order five given by the following table. 


57 


: [O,e] | [0,1] | [0,2] | [0,3] | [0,4] | [0,5] 
[0,e] | [O,e] | [0,1] | [0,2] ) [0,3] | [0,4] | [0,5] 
[0,1] } [0,1] | [O,e] } [0,3] | [0,5] | [0,2] | [0,4] 
[0,2] } [0,2] | [0,5] | [O,e] | [0,4] | [0,1] | [0,3] 
[0,3] | [0,3] | [0,4] | [0,1] | [O,e] | [0,5] | [0,2] 
[0,4] } [0,4] | [0,3] | [0,5] | [0,2] | [0,e] | [0,1] 
[0,5] ) [0,5] | [0,2] | [0,4] ) [0,1] | [0,3] | [0,e] 


For more about loop L, (m) refer [9, 13]. 


Example 1.4.2: Let L = {[0, a]lae {e, 1, 2, ..., 15}, 7, *} be 
an interval loop of order 16. 


DEFINITION 1.4.2: Let L = {[0, al] |\a €Z, or Z U{O} or O* 
U {0} or R* U {0}, *} be a loop. We define L to be a pure 
neutrosophic interval loop. If we replace [0, al] by [0, x+ylI] x 
and y in Z, or Z* U {0} or O* U {0} or R* U {0} then we call L 
to be a mixed neutrosophic interval loop. 

We will give examples of them. 


DEFINITION 1.4.3: Let L = L; UL, where L; and L» are 
neutrosophic interval loops such that L; #L2, L; € Lz and L2 ¢ 
L;. Then we define L to be a neutrosophic interval biloop. 

We will for sake of completeness recall the definition of 
interval loop and neutrosophic interval loop. 


Example 1.4.3: Let V = {[0, atbl] la, b © {e, 1, 2, ..., 17}, 5, 
*) be a mixed neutrosophic interval loop of order 18”. 


Example 1.4.4: Let M = {[0, a+bI] la, b € {e, 1, 2,..., 13}, 8, 
*} be a mixed neutrosophic interval loop of order 14°. 

Now we can define the notion of neutrosophic interval 
biloop, which is a matter of routine [9, 13]. Just like a 
neutrosophic group does not satisfy all group axioms so also a 
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neutrosophic loop may not in general satisfy all axioms of a 
loop. 
We will illustrate this situation by some examples. 


Example 1.4.5: Let L=L, U Ly = {[0, al] |ae fe, 1, 2, ..., 
23}, *, 8} U {[0, bI] | be fe, 1, 2, ..., 19}, 8, *} be a pure 
neutrosophic interval biloop of order 24 x 20. 


Example 1.4.6: Let L=L; UL, = {[0, al] la e€ {e, 1, 2, ..., 
45}, *, 16} U {[0, al]lae {e, 1, 2, ..., 27}, *, 10} be a pure 
neutrosophic interval biloop of order 46 x 28. 


Example 1.4.7: Let L=L; UL» = {[0, al] la eé {e, 1, 2, ..., 
11}, 8, *} U {[0, al] lae {e, 1, 2, ..., 13}, 8, *} be a pure 
neutrosophic interval biloop of order 12 x 14. 

Inview of this we have the following theorem. 


THEOREM 1.4.1: Let L = L; UL? = {[0, al] | a € {e, I, 2, ..., 
n}, n odd n > 3 and *, m, (m,n) = 1 (m-I,n)=1ITm<n} vu 
{[0, al] \a eé fe, 1, 2, ..., s}; * s > 3, s odd, t, (t,s)=1, (t-l,s) = 
I, t < s}. L is a pure neutrosophic interval biloop of order 
(n+1) (s+1). 


Proof is direct, if need be refer [9, 13]. We call a pure 
neutrosophic interval biloop to be a Smarandache pure 
neutrosophic interval biloop if each of the pure neutrosophic 
interval loop is Smarandache. 

We will give examples of them. 


Example 1.4.8: Let L=L; UL, = {[0, al] la e€ {e, 1, 2, ..., 
13}, 8, *} U {[0, al] lae fe, 1, 2, ..., 17}, 12, *} be a pure 
neutrosophic interval biloop of order 14 x 18. 


THEOREM 1.4.2: Let L = L; UL2 = [{[0, al] | a € {e, J, 2, ..., 
n} n odd n > 3, m, m<n with (m, n) = 1 = (m-I, n), *} U{[0, 
al] |a eé {e, 1, 2, ..., s}, s > 3, s odd; t <5, (t, s) = (tl, s) = 1, 
*! be a pure neutrosophic interval biloop. Then the following 
are true. 

I. Lis of even biorder. 
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2. ILl=2°N (N a positive number 29). 

3. Lis a Smarandache pure neutrosophic interval biloop. 

This proof involves only simple number _ theoretic 
techniques [9, 13]. We say a pure neutrosophic interval biloop 
is commutative if both the pure neutrosophic interval loops are 
commutative. If only one of them is commutative we say the 
interval biloop is quasi commutative. We will give examples of 
them. 


Example 1.4.9: Let L = L; UL = {[0, al] la e€ {e, 1, 2, ..., 
17}, *, 9} U {[0, al] |b e€ fe, 1, 2, ..., 25}, *, 13} be a pure 
neutrosophic interval biloop. L is a commutative biloop. 


Example 1.4.10: Let L = L; UL, = {[0, al] la € fe, 1, 2, ..., 
17}, *, 7} U {[0, aI] |b € {e, 1, 2, ..., 25}, 8, *} be a pure 
neutrosophic interval biloop. L is a non commutative biloop. 


Example 1.4.11: Let L=L, UL, = {[0, al] la e fe, 1, 2, ..., 
23}, *, 8} U {[0, al] lb € {e, 1, 2, ..., 15}, *, 14} be a pure 
neutrosophic interval biloop. L is a quasi commutative pure 
neutrosophic interval biloop. 


THEOREM 1.4.3: Let L = L; UL, = [{[0, al] |a € fe, 1, 2, ..., 


nj, . “1 U {f0, bI] 1b e fe, 1, 2, «., my, _ *} be a 
pure neutrosophic interval biloop. L is a commutative. 

This proof also requires only simple number theoretic 
techniques. 

We can define several identities in case of pure 
neutrosophic interval biloops as in case of usual biloops. 

L,(D = {[0, a] |a e€ {e, 1, 2, ..., n} n> 3, n odd; m<n 
(m-1, n) = (m, n) = 1 e {[0, bI] | be {e, 1, 2,...,s},s>3,s 
odd, t < s, (t, s) = (t1, s) = 1} denote the class of pure 
neutrosophic interval biloops each of order (n+1) x (s+1). 

Further if n = p\"...pt and s = q'...q°> then the number of 


pure neutrosophic interval biloops in L,s (J) is 


To = apt) ‘ TT (q\- anf" | 
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Thus we will denote the class of pure neutrosophic biloop 
by Lys (1); n and s odd greater than three. 


Example 1.4.12: Let L=L, UL, = {[0, al] lae fe, 1, 2, ..., 
19}, 2, *} U {[0, bI] lb € {e, 1, 2, ..., 23}, 2, *} be a pure 
neutrosophic interval biloop. L is a pure neutrosophic interval 
right alternative biloop. 


Example 1.4.13: Let L = L,; UL, = {[0, al] lae {e, 1, 2, ..., 
47}, *, 46} U {[0, al] lae fe, 1, 2, ..., 53}, *, 52} be a pure 
neutrosophic interval biloop. L is a left alternative interval 
biloop which is not right alternative. 

Inview of this we have the following theorem. 


THEOREM 1.4.4: Let L = L; UL? = {[0, al] | a € {e, J, 2, ..., 
nj, 2, *} Uf[0, bI] |b € fe, I, 2, ..., s}, * 2} wheren > 3,5 > 
3, n and s odd be a pure neutrosophic interval biloop. L is a 
right alternative pure neutrosophic interval biloop. 

The proof is got by using simple number theoretic 
techniques. 


THEOREM 1.4.5: Let L = L; UL2 = {[0, al] |a é€ fe, 1, 2, ..., 
nj, n >3 n— odd, *, n—1} U{[0, bI] | b € fe, 1, 2, ..., mj, m> 3, 
m odd; m—1} be a pure neutrosophic interval biloop. L is a left 
alternative pure neutrosophic interval biloop. 

This proof is left as an exercise to the reader . 


COROLLARY 1.4.1: Let L,,(I) be the class of pure neutrosophic 
interval biloops n>3 and s>3, nands odd. L,;(1) has exactly 
one left alternative interval biloop and only one _ right 
alternative interval biloop and no alternative interval biloop. 

Infact the class of pure neutrosophic interval biloops L,,(D 
does not contain (i) any moufang interval biloop (ii) any Bol 
interval biloop or Burck biloop. 

We can define pure neutrosophic interval bisubloop 
(subbiloop) H; U H2 Further if this pure neutrosophic interval 
subbiloop H; U H: contains a proper subset T=T, U T2 such that 
T is a pure neutrosophic interval bigroup then we define H, U 
H, to be a Samarandache pure neutrosophic interval subbiloop. 
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We have following theorem the proof of which is direct. 


THEOREM 1.4.6: Let L= L; U L2 be a pure neutrosophic 
interval biloop. If L has H= H; UH> to be a pure neutrosophic 
interval subbiloop which is Smarandache then L itself is a 
Smarandache pure neutrosophic interval biloop. 

If a pure neutrosophic interval biloop L = L; U Ly has only 
pure neutrosophic interval bisubgroups then we define L to be a 
Smarandache pure neutrosophic interval subbigroup biloop. 


Example 1.4.14: Let L = L,; UL, = {[0, al] la e fe, 1, 2, ..., 
7}, 4, *} UL {[0, bI] |b © {e, 1, 2, ..., 17}, 9, *} be a pure 
neutrosophic interval biloop. L is a Smarandache pure 
neutrosophic interval subbigroup biloop. 

In view of this we have the following theorem. 


THEOREM 1.4.7: Let L,,(I) be the class of pure neutrosophic 
interval biloops p and q primes greater than three. The class of 
biloops L,,(I) is a Smarandache pure neutrosophic interval 
subbigroup biloop. 

Proof follows by using simple number theoretic techniques. 
We can define the notion of Smarandache pure neutrosophic 
interval normal subbiloop if the subbiloop is normal. If the pure 
neutrosophic interval biloop has no normal subbiloop we define 
them to be Smarandache simple pure neutrosophic interval 
biloop. 


Example 1.4.15: Let L = L; U Lo= {[0, al] | a € {e,1,2,..., 
19},9, *} U {[O,b]] | b € {e1,2, ..., 19},12,*} be a pure 
neutrosophic interval biloop. L is S-simple. 

Inview of this we have the following theorem which shows 
the existence of a class of S-simple pure neutrosophic interval 
biloops. 


THEOREM 1.4.8: Let Lin,(I) be the class of pure neutrosophic 
interval biloops; Lin,(I) is Smarandache simple. 

The proof is direct hence left as an exercise to the reader. 

Let L=L,; UL, be a S-pure neutrosophic interval biloop. 
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Let A= A; U Ay © L)U Ly, bea pure neutrosophic interval 
subbigroup of L . a = a; Uage A= A, U Ad is Said to be a 
Smarandache Cauchy bielement of L. ((0, aI] U [0, al])’ = 
({0, a,I]' U [0, asI]') =[0, eI] U [0, el]; otherwise a in A is not a 
S-Cauchy bielement of L. 


Example 1.4.16: Let V= V; U V2 = {[0, al] | a € {e,1,2,..., 
11},* 8}U {[0, bI] | b € f{e,1,2,..., 15}, 8, * } be a S- pure 
neutrosophic interval biloop. Consider x = [0, 3I] U [0, 101] € 
V; we see x” = ({0, 31] U [0, 10I])” = [0, eI] v [0, el]. 

Thus x is a S- Cauchy bielement of V. 


Note: If in a S- pure neutrosophic interval biloop every 
bielement is a S-Cauchy bielement then we define the biloop to 
be a S-pure neutrosophic Cauchy interval biloop or S-Cauchy 
pure neutrosophic interval biloop or pure neutrosophic interval 
S- Cauchy biloop. 

We will give an example of a S-pure neutrosophic interval 
Cauchy biloop. 


Example 1.4.17: Let L=L, U Li= {[0,al] la € {e,1,2,..., 27}, 
11, *} U {[0,al] | a e€{e,1,2,..., 47}, 12, *} be a pure 
neutrosophic interval biloop. L is a S-Cauchy pure neutrosophic 
interval biloop. 


Example 1.4.18: Let L = L; U Ly = {[0, al] | a € {e,1,2...., 
29},12, *} U {[O, al] | a © {e,1,2,..., 33}, * 17} be a pure 
neutrosophic interval biloop which is S-Cauchy biloop. 

We in the following theorem show there exists a class of 
pure neutrosophic interval biloops of even order which are S- 
Cauchy. 


THEOREM.1.4.9: Let Linn(D)= {[0,al] | a Efe,1,2,..., m}, t < m, 
m odd andm < 3; [tm] = [t-l, m] = 1, *} U{[0, al] | a 
Efe, 2,..., nf; s<n, noddandn < 3; [s, nJ= [s—1,n] = 1, *} 
be the class of pure neutrosophic interval biloops . Lin(I) is a 
class of S-Cauchy pure neutrosophic interval biloops. 
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This proof is also simple directly follows from the 
definition of loops [9, 13]. 

We can as in case of biloops define the notion of 
Smarandache Lagrange interval biloop and Smarandache 
weakly Lagrange interval biloop which is direct and hence is 
left as an exercise to the reader [9, 13]. 

We provide examples of them. 


Example 1.4.19: Let L=L,; U Lo= {[0,al] | a € {e,1,2,..., 19}, 
8, *} U {[0,al] | a € {e,1,2,..., 53}, 9, *} be a pure neutrosophic 
interval biloop. L is a Smarandache pure neutrosophic interval 
Lagrange biloop or pure neutrosophic interval Smarandache 
Lagrange biloop. 


Example 1.4.20: Let L = L; UL, = {[0,al] la € {e,1,2,..., 45}, 
14, *} U{[O, al] la € {e,1,2,..., 25}, *,7} be a pure neutrosophic 
interval biloop. L is a Smarandache weakly Lagrange pure 
neutrosophic interval biloop. 

We have a class of pure neutrosophic interval biloops which 
are Smarandache Lagrange and a class of pure neutrosophic 
interval biloop which is Smarandache weakly Lagrange. 

These situations are given by the following theorems. 


THEOREM 1.4.10: Let L,,(1)= {[0,al] | a Efe, 1,2,..., p}, 5 <p, Ss; 
* p an odd prime greater than 3} U {[0,al] | a €fe,1,2,..., qj, 
r<p, r,*; q an odd prime greater than three} be a class of pure 
neutrosophic interval biloops. Every biloop in this class of 
interval biloops Ly (I) is a Smarandache Lagrange pure 
neutrosophic interval biloop. 

The proof follows from the fact the order of every biloop is 
(pt1) (q+l)=2 m (m<q). Hence these biloops have only 
subbigroups of order 2.2. 


THEOREM 1.4.11: Let Linn(1)= {[0,al] | a € {e,1,2,..., nj, =n 
odd n > 3,t; t<n, (t-I,n)= (t,n)=1, *} U{[0,al] | a Efe,1,2,..., 
m},*, m odd, m > 3, s s<m; (s—1, m)= (s,m)= 1,*} be the class 
of pure neutrosophic interval biloops. Every interval biloop in 
this class is a Smarandache weakly Lagrange interval biloop. 
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Proof follows from the fact every {[0,aI] U [0, bl], [0, el] U 
[0, el]} CL =L; UL» € La) 1s a subbigroup of order four 
ando (L) = 2’.m (m2 9). 

Now we can define the notion of Smarandache (pi, po) 
Sylow interval subbiloops of a pure neutrosophic interval 
biloop. 

Suppose L = L; U Ly is a pure neutrosophic interval biloop 
of finite order. Let pj), p2 be two primes (distinct or otherwise) 
such that p; p2/o(L). Suppose A = A; U As CL; UL, bea 
Smarandache pure neutrosophic subbiloop of L of order mm, 
and if B = B; U B, c Ay U A = A is a pure neutrosophic 
interval subbigroup of A of biorder p,;p2 and if pyp2 / m;mp, then 
we say L is a Smarandache (pj, p2)- Sylow pure neutrosophic 
interval bisubgroup. 


Example 1.4.21: Let L= L;U Ly = {[0,al] | a € {e,1,2,..., 23},8, 
*} U {[0,al] | a € {e,1,2,..., 43}, 8, *} be a pure neutrosophic 
interval biloop, L is a Smarandache (2,2)- Sylow biloop. 

We say a finite biorder Smarandache strong (pj, p2)- Sylow 
biloop if every subbigroup is of a prime power biorder and 
divides biorder of L. We will give example of it. 


Example 1.4.22: Let L = L; U Ls = {[0,al] | a € {e,1,2...., 
11},*, 9} U {[O,al] | a ef{e,1,2,..., 11}, *,10} be a pure 
neutrosophic interval biloop. L is a Smarandache strong (2, 2) 
Sylow interval biloop. 

In view of this we have the following theorem. 


THEOREM 1.4.12: Let L,,(I) = {[0,al] | a €fe,1,2,...,p}, pan 
odd prime greater than 3,t, t < p; (tp) = (t-l, p) = 1, *} U 
{[0,al] | a efe,1,2,..., gq}, g an odd prime greater than 3,s, s<q, 
(s,q)= (s-l,q)= 1,*} be the class of pure neutrosophic interval 
biloops. Every biloop in L,,{I) is a Smarandache strong (2,2) 
Sylow interval biloop. 

We can define as in case of biloops in case of pure 
neutrosophic interval biloops also the notion biassociator, 
Smarandache bicyclic and Smarandache strong bicyclic biloops. 
We call a pure neutrosophic interval biloop to be a 
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Smarandache cyclic biloop if L = L; U Lz contains a bisubset A 
= A; U A» such that A is a cyclic bigroup. If every proper 
bisubset A of L which is a subbigroup is bicyclic then we say 
the interval biloop is a Smarandache strong pure neutrosophic 
interval bicyclic loop. We will first provide examples of this 
concept. 


Example 1.4.23: Let L=L,; UL», = {[0,aI] | a € f{e,1,2,..., 27}, 
* 81 U {[0,al] la € {e,1,2,..., 30}, *, 14} be a pure neutrosophic 
interval biloop. L is a Smarandache cyclic pure neutrosophic 
interval biloop. 


Example 1.4.24: Let P=P, U P2 = {[0,al] | a € {e,1,2,..., 47}, 
*9O} U {[0,al] la e {e,1,2,..., 53}, *, 9} be a pure neutrosophic 
interval biloop. P is a Smarandache strong cyclic interval 
biloop. 

In view of this we have the following theorem. 


THEOREM 1.4.13: Let L,,(I)= {[0,al] | a €fe,1,2,..., p}; pa 
prime greater than 3 andn <p; n, *} U{[0,al] |a efe,1,2...., 
gq), ¢q @ prime, q>3; m; m<q, *} be a class of pure 
neutrosophic interval biloops. Every pure neutrosophic interval 
biloop in L,,{I) is a Smarandache strongly cyclic biloop. 

The proof is direct follows from the fact that every distinct 
bipair generates a bisubloop or the whole biloop. We can define 
for a pure neutrosophic interval biloop L= L; U L» the notion of 
biassociator of L denoted by A(L) = A(Li) UA(L2). 


Example 1.4.25: Let L = L; U L,={[0,al] |a € {e,1,2,..., 27}, 
20, *} U {[O,al] | a Efe, 1, 2, ..., 23}, *, 20} be a pure 
neutrosophic interval biloop. The associator of L is A(L) = 
A(L)) U A(2) = Li U Ly =L. 

In view of this we have the following theorem. 


THEOREM 1.4.14: Let Lin(D= {[0,al] | a € fe1,2, ..., mj, s, s 
<m, *} U{[0,al] | a Efe,1,2,..., nj, tt<n, *}mandn odd 
greater than three be the class of pure neutrosophic interval 
biloops. Every pure neutrosophic interval biloop L= L; UL; in 
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Lim(L) is such that A(L)=A(L; UL2) = A(L1) VA (L2)= Li UL2 
=L. 

The proof is direct based on the definition of associator 
[9, 13]. We can define for these biloops the notion of first and 
second binormalizers. 

In particular the first binormalizer in general is not equal to 
the second binormalizer. Interested reader can supply with 
examples. Several interesting properties derived for biloops can 
also be derived for pure neutrosophic interval biloops with 
appropriate modifications. Further these properties can be easily 
extended in case of mixed neutrosophic interval biloops. We 
will only give examples of them. 


Example 1.4.26: Let L=L,; UL, = {[0,a+bI] la, b € Z,, 3, *} 
U {[0, a + bI] la, b © Zio, *, 8} be a mixed neutrosophic 
interval biloop of finite order. 

Clearly this biloop contains as a subbiloop both pure 
neutrosopbic interval biloop as well as just interval biloop. We 
now proceed on to define quasi neutrosophic interval biloop. 
We call L= L; U L, to be a quasi neutrosophic interval biloop if 
one of L; or L» is a pure neutrosophic or a mixed neutrosophic 
interval loop and the other is just an interval loop. We will 
illustrate this situation by some examples. 


Example 1.4.27: Let V= Vi U V2 = {[0,a] la © Zis, *, 8} U 
{{O,aI] la € Z4;,*,8} be a quasi neutrosophic interval biloop of 
finite order. 


Example 1.4.28: Let L = L; U Ly = {[0,aI+b] | a,b € Zy7,*, 9} 
U {[0,a] | a € Zio, *,9} be a quasi neutrosophic interval biloop 
of finite order. 


Example 1.4.29: Let L= L,; U Lz = {[0,a] la € Zy,*, 8} U 
{{O,aI] | a € Zi7, 12} be a quasi neutrosophic interval biloop of 
finite order. 


Example 1.4.30: Let L = Li U Ly = {[0,a] | a € Zoo, * 7} U 


{{0,at+bI] | a, b € Zoo, *,21} be a quasi neutrosophic interval 
biloop of finite order. 
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For these class of biloops also. We define pure neutrosophic 
or mixed neutrosophic quasi interval biloops as follows. Let L= 
L; U Ly if only one of L; or L, is a neutrosophic interval loop 
and the other is just a neutrosophic loop. 

We will give examples of this structure . 


Example 1.4.31: Let L = L; U Lo&= {Lh;(9)} U {[0,al] | a 
€ {e,1,2,..., 29,49} be a neutrosophic quasi interval biloop of 
finite order where L; ={al | a € {e,1,2,..., 25}, 9, *}. 


Example 1.4.32: Let L=L,; UL, = {[0,al] | a € f{e,1,2,..., 23}, 
*19} U {alla €{e,1,2,..., 23}, *, 22} be a neutrosophic quasi 
interval biloop of order 24 x 24. 


Example 1.4.33: Let L=L, UL, = {[0,a+bI] la, b € {e,1,2, ..., 
26, 27},11,*} U {al | ae {e,1,2,..., 47}, 11,*} be a neutrosophic 
quasi interval biloop of finite order 28 x 48. 


Example 1.4.34: Let L=L, ULj)= {al la € {e,1,2, ..., 13}, 
9,*} U {[0,a+b]] | a,b € {e,1,2,..., 13}, 9, * } be a neutrosophic 
quasi interval biloop of order 147 =196. 

We can derive almost all the results discussed in this section 
about pure neutrosophic interval biloops to the class of quasi 
neutrosophic interval biloops to the class of quasi neutrosophic 
interval biloops with simple modifications. We can still define 
another type of biloop which we choose to call as quasi 
neutrosophic quasi interval biloop if only one of L; or L is a 
interval loop other just a loop and only one of them is 
neutrosophic other just not neutrosophic then we call L= L; U 
L, to be a quasi neutrosophic quasi interval biloop. We will now 
proceed on to give examples of them. 


Example 1.4.35: Let L= L; U Ly = {Lo (8)} U{[0, al] la € {e, 
1, 2, ..., 47}, 8, *} be a quasi neutrosophic quasi interval biloop. 


Example 1.4.36: Let L=L; UL, = {[0,a] la eé fe, 1, 2, ..., 


43}, 10, *} U {allae fe, 1, 2, ..., 23}, *, 10} be a quasi 
neutrosophic quasi interval biloop of finite order. 
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Example 1.4.37: Let V=V, U V2 = {[0,a+bI] | a,b € {e,1,2,..., 
11},8,*} U {a la € {e,1,2,..., 13}, 8,*} be a quasi neutrosophic 
quasi interval biloop. 

Consider M=M, U Mp = {[0,a+bI] 1a, b © {e,1,2,..., 5},*,3} 
U {ala €{1,2,..., 5}, *, 3} is not a quasi neutrosophic quasi 
interval biloop as M2 C M). 

However if P = P; U Po= {[0, at+bI] | a,b € {e,1,2, ..., 5},*, 
3} U {ala €{e,1,2...., 5}, * 4} is a quasi neutrosophic quasi 
interval biloop. Now one can define neutrosophic interval loop- 
group, quasi neutrosophic interval loop-group and quasi 
neutrosophic quasi interval loop-group. 

We only give examples of them. 


Example 1.4.38: Let L= L; U Ly = {[0,aI] | a € {e,1,2,..., 
25},*, 12} U {[0,a+bI] | a,b € Zs, +} be a neutrosophic interval 
loop-group of finite order. 


Example 1.4.39: Let P=P; UP) = {[0,al+b] 1 a,b € {e,1,2,.. 
. 29}, *, 12} U {[0,al] | a € Z4s, + } be a neutrosophic interval 
loop-group of finite order. 


Example 1.4.40: Let M=M, UM> = {[0,a+bI] | a,b € Zpg0, 
+} U {[0,a+bI] | a, b © {e,1,2,..., 13}, 12, *} be a neutrosophic 
interval group-loop. 


Example 1.4.41: Let M=M; U M> = {[0,a] | a €Zuy5, +} 
U{[0,at+b]] | a,b € {e,1,2,..., 43},8,*} be a quasi neutrosophic 
interval group-loop of finite order. 


Example 1.4.42: Let R= R, U R2 ={[0,a+b]] | a,b € Zo5,+} VU 
{[0,a] | a € {e,1,2,..., 47}, 19,*} be a quasi neutrosophic interval 
group-loop. 

Example 1.4.43: Let T=T, U T= {[0,al] | ae ZsI \ {0}, x} 


U {[0,a] | a e€ {e,1,2,....43}, 19,*} be a quasi neutrosophic 
interval group-loop. 


Example 1.4.44: Let T =T, U T2 ={[0,a] 1a € Zio \ {0}, x} U 
{{0,a+bI] | a,b € {e,1,2,..., 33}, 14, *} be a quasi neutrosophic 
interval group-loop of finite order. 
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Example 1.4.45: Let V=V, U V2 = {[0,a+bI] la, b € Z4,+} U 
{all ae {e,1,2,..., 43},*, 8} be a neutrosophic quasi interval 
group- loop. 


Example 1.4.46: Let M=M, U M,={[0,a+blI] la, b € {e,1,2,..., 
43},29,*} U {al | a € Zy3 \ {0}, x} be a neutrosophic quasi 
interval loop-group of finite order. 


Example 1.4.47: Let B = B, U B» = {[0,at+bI] | a, b € 
Za5,+}U{[al la e€ fe,1,2,..., 47}, 9,*} be a neutrosophic quasi 
interval group-loop of finite order. 


Example 1.4.48: Let V=V, U V2 = {[0,al] | a € {e,1,2,..., 15}, 
8, *} U {Zi4g,+} be a quasi neutrosophic quasi interval loop- 
group. 


Example 1.4.49: Let M=M, U Mo= {[0, al] la © Zygs, +} U 
{L29 (8), *} be a quasi neutrosophic quasi interval group-loop. 


Example 1.4.50: Let P = P; U Po = {[0, atbI] la, be {e, 1, 2, 
seep 29}, 19, *} U {Zig \ {O}, xX} be a quasi neutrosophic quasi 
interval loop-group. 

Now the notion of substructures can be easily derived and 
described by any interested reader. 

We can define the new notions of neutrosophic interval loop 
- semigroup, quasi neutrosophic interval loop - semigroup, 
neutrosophic quasi interval loop - semigroup and quasi 
neutrosophic quasi interval loop - semigroup, it is left to the 
reader, however we give examples of them. 


Example 1.4.51: Let V = V; U V2 = {[0, al] lae {e, 1, 2, ..., 
23}, 10, *} U {[0, atbI] | a, b € Zuo, X} be a neutrosophic 
interval loop - semigroup. 


Example 1.4.52: Let M = M; U Mp = {[0, atbI] la, b € ZU 
{O}, x} U {[0, atbI] | a, b © {e, 1, 2, ..., 41}, 8, *} bea 
neutrosophic interval loop-semigroup. 


Example 1.4.53: Let M = M; U Mp = {({0, aI], [0, aol], [0, 
asl], [0, agl]) la; e Z* U {0}, x; 1 <i <4} U {[0, atbl] la, be 
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{e, 1, 2, ..., 13}, 8, *} be a neutrosophic interval semigroup - 
loop. 

Example 1.4.54: Let P = P, U P2 = {[0, aJlae {e, 1, 2, ..., 
19}, 8, *} U {[0, a+b] | a, b © Zos, X} be a quasi neutrosophic 
interval loop - semigroup. 


Example 1.4.55: Let S = S; U S2 = {[0, a] la © Zys, x} U 
{{0O, at+bI] | a, b € {e, 1, 2, ..., 23}, 18, *} be a quasi 
neutrosophic interval semigroup - loop. 


Example 1.4.56: Let P = P; U P2 = {[0, a+bl] la, be fe, 1, 2, 
..-5 43}, 10, *} U {[0, a] la © Zy, xX} be a quasi neutrosophic 
interval loop - semigroup. 


Example 1.4.57: Let M = M; U M2 = {[0, al] | a € Zyo, X} U 
{[0, atbI] | a, b € fe, 1, 2, ..., 29}, 20, *} be a neutrosophic 
interval semigroup - loop. 


Example 1.4.58: Let M = M,; U Mo = {Zysl, x} U {[0, atb]] | a, 
be fe, 1, 2, ..., 23}, *, 8} be a neutrosophic quasi interval 
semigroup - loop. 


Example 1.4.59: Let G = G,; U G = {[al] lae fe, 1, 2, ..., 
23}, 12, *} U {[0, atbI] | a, b € Zao, X} be a neutrosophic quasi 
interval loop - semigroup. 


Example 1.4.60: Let P = P, U Po = {Zaol, x} U {[0, al] lae fe, 
1, 2, ..., 41}, 9, *} be a neutrosophic quasi interval semigroup - 
loop. 


Example 1.4.61: Let B = By U Bz = {Za4, x} U {[0, al+b] | a, b 
€ {e, 1, 2, ..., 47}, *, 12} be a quasi neutrosophic quasi interval 
semigroup - loop. 


Example 1.4.62: Let C = C; U Co = {[0, atbI] la, be ZU 
{O}, x} U {Lo (8)} be a quasi interval semigroup - loop. 

Now having seen quasi non associative bistructure we now 
proceed onto give examples of the non associative bistructures 
viz. loop - groupoids of various types. 
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Example 1.4.63: Let M = M, U Mp = {[0, al] | a € Zs, (3, 8), 
*} U {[0, atbI] la, be {e, 1, 2, ..., 45}, 8, *} be a neutrosophic 
interval groupoid - loop of finite order. 
Example 1.4.64: Let M=M,; U Mp = {[0, at+bI] la, b € Zyyo, *, 
(8, 17)} U {[0, at+bI] | a, b © fe, 1, 2, ..., 15}, 8, *} bea 
neutrosophic interval groupoid - loop. 


Example 1.4.65: Let S =S,; US») = {[0, al] la eé {e, 1, 2,..., 
19}, 18, *} U {[0, al] la © Zygo, (17, 11), *} be a neutrosophic 
interval loop - groupoid. 


Example 1.4.66: Let S =S; US) = {[0, al] la € Zy, *, (11, 
19)} U {f[0, a] la e fe, 1, 2, ..., 23}, *, 18} be a quasi 
neutrosophic interval groupoid - loop. 


Example 1.4.67: Let T=T, UT2= {[0, al] lae Zi, *, (12, 
11)} U {[0, atbl] la, be fe, 1, 2, ..., 43}, * 15} be a quasi 
neutrosophic interval groupoid - loop. 


Example 1.4.68: Let C = C; UC: = {[0, al] la e fe, 1, 2, ..., 
23}, *, 8} U {[0, al] lae Za, *, (3, 8)} be a neutrosophic quasi 
interval loop - groupoid. 


Example 1.4.69: Let R = R; U Ro = {[0, al] 1a © Zag, *, (8, 1) } 
U {f[al] la e fe, 1, 2, ..., 49}, 9, *} be a neutrosophic quasi 
interval groupoid - loop. 


Example 1.4.70: Let N = N; UN = {[0, a] la € Zao, *, (23, 
140} UL {fal] | a e€ fe, 1, 2, ..., 29}, 9, *} be a quasi 
neutrosophic quasi interval groupoid - loop. 


Example 1.4.71: Let V = V; U V2= {[al] a € Zago, *, (19, 29} 
U {[0, a]Jlaeé {e, 1, 2, ..., 53}, 8, *} be a quasi neutrosophic 
quasi interval groupoid - loop. 

Since groupoid - loop is a non associative structure all 
identities and all properties associated with these structures can 
be studied with appropriate modifications. We now proceed of 
to define interval bistructures using matrices and polynomials. 
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Recall >'[0, al]x' is a neutrosophic interval polynomial in 
i=0 


the variable x where aj € Z, or Z’ U {0} or R* U {0} or Q7U 
{O}. We can give on the collection of neutrosophic intervals 
polynomials semigroup structures or group structure or 
groupoid structure or loop structure when Z, is used only for 
semigroup - groupoid structure Z;U{0} or Ry; U{O} or 
Qi U{0} coefficients are used as the interval coefficients. We 
will only give examples [9, 13]. 


Example 1.4.72: Let V=V,U V2 = 


[0,a,1] 
[0,a,T] 
- {aE Zy,+7 U 
[0, a1] 
a, a, a, 
a, a; a, |}a, =[0,x,I] where x € {e, 1, 2, ..., 43}, 8, *} 
a, ag ay 


be a neutrosophic interval semigroup - groupoid. 


Example 1.4.73: Let M=M,;UM)= 


{dea al]x' 


ae fo2,.091%8| 


a, a, a, ay 
Us|a, ae a, ay ai = [0, x I]; Xi € Za, +} 
Ay Ay Ay Ayo 


be a neutrosophic interval groupoid - semigroup. 
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Example 1.4.74: Let S=S, US.= 


{Sioa 


i=0 


a,€ Z* 10} U 


a, as 
a 
> "° |la. =[0,x.I] where x; € Zoo, (8, 2), *} 
I I 
a; a, 
a, ag 


be a neutrosophic interval semigroup - groupoid. 
Example 1.4.75: Let X = X, U X2 = {[0, al] laeé fe, 1, 2,..., 


31},9, *} U [Zion 


i=0 


a, € Za (810) be a neutrosophic 
interval loop - groupoid. 


We can build several types of them like quasi neutrosophic 
or quasi neutrosophic quasi interval bistructures. 


Example 1.4.76: Let L = L; UL, = {[0, a] la eé {e, 1, 2, ..., 
37}, 9, *} VU a, a, a, |ja,=[0,x,I] where xj € Zy, 


(3, 17), *} be a quasi neutrosophic interval loop - groupoid. 


Example 1.4.77: Let S =S, US. = {[0, al] lae {e, 1, 2, ..., 
[ a a, a, 
a, a, a 
37}, 28, *} U a, =[0,x,I] where x; € Zy, 


430 ayy Ys 


16 A147 ig 


(2, 18), *} is a neutrosophic interval loop-groupoid. 
We can build bistructures in them and work as in case of 
other interval bistructures. 
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Chapter Two 


NEUTROSOPHIC INTERVAL BIRINGS AND 
NEUTROSOPHIC INTERVAL BISEMIRINGS 


In this chapter we for the first time introduce the notion of 
neutrosophic interval birings, neutrosophic interval bisemirings, 
neutrosophic interval bivector spaces and neutrosophic interval 
bisemivector spaces study and describe their properties. This 
chapter has three sections. In section one the notion of 
neutrosophic interval birings are introduced. 

Neutrosophic interval bisemirings are introduced in section 
two. In section three neutrosophic interval bivector spaces and 
neutrosophic interval bisemivector spaces are introduced and 
studied. 


2.1 Neutrosophic Interval Birings 


In this section we introduce the notion of neutrosophic 
interval birings and study their properties. 


DEFINITION 2.1.1: Let R = R; UU R> where R; and R> are 
distinct with R; a collection of neutrosophic intervals of the 
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special form [0, al] witha € Z, nj < e which is a ring for i=1, 
2. We define R = R; UR> to be a pure neutrosophic interval 
biring. 

If instead of [0, aI] we use [0, a+bI]; a, b € Z, we call R to 
be a mixed neutrosophic interval biring or just neutrosophic 
interval biring. Clearly using Z* U {0} or R* U {0} or Q* U 
{O} in the place of Z, will not give R a ring structure. 


We will illustrate this situation by some examples. 


Example 2.1.1: Let R = Ry U R2 = {[0, al] |a € Zo, +, x} U 
{[0, bI] |b € Z4, +, x} be a pure neutrosophic interval biring of 
order 20 x 42. 

Clearly R is commutative with [0, I] U [0, I] as its 
multiplicative identity. 


Example 2.1.2: Let R = R; U Ro = {[0, al] | a € Zio, +, X} U 
{[0, bI] |b € Z\3, +, x} be a pure neutrosophic interval biring of 
finite order. 

Clearly R has no zero divisors. Infact R has no 


idempotents. R is a neutrosophic interval bifield of order 19 x 
13. 


Example 2.1.3: Let B = B; U Bo = {[0, al] la © Zao, +, x} U 
{[0, bI] |b € Zz, +, x} be a neutrosophic interval biring. B has 
bizero divisors. For take 

x =[0, 10I] vu [0, 31] 
and y =(0, 41] vu [0, 41] in B. 


Clearly x.y = [0] U [0]. B has biunits. For take x = [0, 39I] 
U [0, 111] in B; we get x = (0, I] vw [0, I]. B has 
biidempotents. Consider x = [0, 16I] U [0, 41] in B, we see x? 
= x hence the claim. 

Thus these rings have bizero divisors, biunits and 
biidempotents. 


Example 2.1.4: Let M =M, U Mp = {[0, al] la € Zao, +, x} U 
{{0, al] |a © Zs, +, x} be a neutrosophic interval biring. M has 
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no biidempotents but has biidempotents of the form x = [0, 16I] 
U [0, I] in M, as x” = x. We call this type of biidempotents as 
quasi biidempotents. 

M has also quasi binilpotents, for take y = [0, 20I] vu [0, 0] 
we see y’ = [0, 0] U [0, O]. 

We call a neutrosophic interval biring S = S; U S2 in which 
one of S; or S2 is a neutrosophic interval field as a quasi 
neutrosophic interval bifield. 


Example 2.1.5: Let V = V; U V2 = {[0, al] |a © Za, +, X} U 
{[0, al] | a € Z,, +, x} be a quasi pure neutrosophic interval 
bifield. 

Inview of this we have the following theorem. 


THEOREM 2.1.1: Let R = R; UR> = {[0, al] | a € Z,; n anon 
prime, +, x} U{[0, al] | a € Z,, p a prime, +, X} be a pure 
neutrosophic interval biring. R is a pure neutrosophic quasi 
interval bifield. 

The proof is direct from the very definition. 

We can define pure neutrosophic interval subbiring and 
biideal which is simple hence left as an exercise to the reader. 

We give examples of them. 


Example 2.1.6: Let R = R; U R2 = {[0, al] la e Zp, +, x} U 
{{0, aI] | a € Zio, +, X} be a pure neutrosophic interval biring. 
Consider P = P; U P2 = {[0, al] la e€ {0, 2, 4, 6, 8, 10} C Zp, x, 
+} U {[0, al] lae {0,5} C Zio, X, +} CR; UR». Clearly P is a 
pure neutrosophic interval biring and is nothing but P is a pure 
neutrosophic interval bisubring of R. We can easily verify that 
P is infact a biideal of R. 


Example 2.1.7: Let R= R,; UR. = {[0, al] |ae€ Z3, +, x} U 
{[0, al] |a € Zp3, +, X} be a pure neutrosophic interval biring. It 
is a bifield and hence has no ideals. 

We can study the notion of quotient birings in case of 
neutrosophic interval birings. 
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Let R = R; U R; be a pure neutrosophic interval biring. J = 
I, U I, be a pure neutrosophic interval biideal of R. R/J = Ri/ |, 
U Rj/I, is the pure neutrosophic interval quotient biring. 

We will illustrate this situation by some examples. 


Example 2.1.8: Let R=R,;UR.= {[0, al] 1ae Zp, +, x} U 
{{0, aI] |a © Zis, +, X} be a pure neutrosophic interval biring. 
LettJ=LUb= {[0, al]lae {0, 2, ..., 10} CZ, +, x} U {[0, 
al] |ae {0, 3, 6, 9, 12} C Zis, +, X} be a pure neutrosophic 
interval biideal of R. 

Consider R/J = R,/ I, U R2/|L. 

= {, (O00 +1} v {h, [0,1] + b, [0, 20, b}. We see R/Lis a 
pure neutrosophic interval bifield isomorphic with {[0, al] | a € 
Zo, +, X} U {[0, al] | a € Zs, +, x}. We can also have the 
quotient rings as pure neutrosophic interval birings. 

Consider J = 1], UL, = {[0, al] la e {0, 4, 8, 12, 16, 20}, x, 
+} U {[0, al] |a e {0, 10, 20}, +, x} GC Ri U Ry, be a pure 
neutrosophic biideal of R. 

Take R/JJ = R/T, U Ra¥b = {hi [0, +h, (0, 21 + 1, [0, 30 
+1} U {h, (0, + b, [0, 20) + b, ...., [0, al] + 1} to be the 
quotient interval biring. 

Clearly R/J = Zs U Zio and is not a pure neutrosophic 
interval bifield only a pure neutrosophic interval biring. We 
cannot define biring structures using R” U {0} or Q* U {0} or 
ZU {0}. 

We define S = S$; U S2 to be a quasi neutrosophic interval 
biring if S; is a pure neutrosophic interval ring and S> is just an 
interval ring. We will give examples of them. 


Example 2.1.9: Let M = M,; U M> = {[0, al] la € Zy3, +, x} U 
{[0, a] la © Zy., +, x} be a quasi neutrosophic interval biring. 


Example 2.1.10: Let P = P; U P2 = {[0, al] 1a e Zy, +, x} U 
{{0, a] la © Z,, +, x} be a quasi neutrosophic interval bifield. 


Example 2.1.11: Let T =T, U To = {[0, a] la € Zi, +, x} U 


{[0, aI] | a © Zoo, +, X} be a quasi neutrosophic interval quasi 
bifield. 
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Example 2.1.12: Let V = V, U V2 = {[0, a] la € Zu, +, x} U 
{[0, al] | a © Zo3, +, X} be a quasi neutrosophic interval quasi 
bifield. 

Quasi neutrosophic interval birings also contain bizero 
divisors, biunits biidempotents and quotient birings can be 
constructed using biideals. This is a matter of routine and hence 
is left as an exercise to the reader. 

We see however we can construct neutrosophic quasi 
interval birings. We call R = R; U R> to be a neutrosophic quasi 
interval biring if R; is just a neutrosophic ring and R» is a 
neutrosophic interval ring. 

We will give examples of such birings. 


Example 2.1.13: Let V=V, U V2= {[0, al] la e Zy, +, x} U 
{[ZisI, +, X} be a neutrosophic quasi interval biring. V has 
bizero divisors and biunits. We see biunit element of V is [0, I] 
UI. Consider x = [0, 41] u 141 in V, x= [0, ]] Ul. Take x = 
[0, 211] U S51 and y = [0, 21] U 3lin V xy =0 V0. 

If P=P,; UPo= {[0, al] la e 22, +, x} U {3Z)5I, +, x} C 
V, U V2 = V; P is a neutrosophic quasi interval bisubring of V 
as well as neutrosophic quasi interval biideal of V. 


Example 2.1.14: Let M =M, U M> = {[0, al] la € Z,, +, x} U 
{Zi3I, +, x} be a pure neutrosophic quasi interval bifield. 
M has no biideals or subbirings or bizero divisors. 


Example 2.1.15: Let V = V, U V2 = {Ziol, +, x} U {[0, al] | 
a € Zy, +, X} be a neutrosophic quasi interval quasi bifield. 
This V has only neutrosophic quasi interval quasi biideals, quasi 
biunits and quasi bizero divisors. 


Example 2.1.16: Let M = M; U Mp = {ZpsI, +, x} U {[0, al] | 
a € Zy3, +, X} be a neutrosophic quasi interval quasi bifield. M 
has only quasi biideals given by I =I, U Ib = {5ZpsI, +, X} U 
{0}. Now we say a biring S = S; U Sz is a quasi neutrosophic 
quasi interval biring if one of S; or S2 is just a interval ring. 

We will give examples of them. 
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Example 2.1.17: Let V = V, U V2= {Z40, +, x} U {[0, al] lae 
Z7, +, X} be the quasi neutrosophic quasi interval biring. 
This biring has biideals, bizero divisors, bisubrings etc. 


Example 2.1.18: Let V = V, U V2 = {Zyaol, x, +} U {[0, a] la 
€ Zoo, +, X} be a quasi neutrosophic quasi interval biring. 


Example 2.1.19: Let M = M, U Mp = {Zi +, x} U {[0, a] la 
€ Z43, +, X} be a quasi neutrosophic quasi interval bifield. 


Example 2.1.20: Let V = V, U V2 = {[0, al] la € Zio, +, x} U 
{Z3, +, X} be a quasi neutrosophic quasi interval bifield. 


Example 2.1.21: Let M=M,; U Mp = {[0, al] la € Zy3, +, x} U 
{Zas, +, X} be a quasi neutrosophic quasi interval quasi bifield. 
This M has only quasi biideals, quasi biidempotents and quasi 
biunits. 


Example 2.1.22: Let T= T,; U T2 = {Zy7, +, X} U {[0, al] lae 
Zi2, +, X} be a quasi neutrosophic quasi interval quasi bifield. 


Example 2.1.23: Let P = P, U P2 = {Zp3I, +, x} U {[0, aJlae 
Za420, +, X} be a quasi neutrosophic quasi interval bifield. 


Example 2.1.24: Let R = Ry U R2= {[0, al] 1a € Zs3, +, x} U 
{ZasI, +, X} be a quasi neutrosophic quasi interval quasi bifield. 
Now we can study the notions by replacing the pure 
neutrosophic intervals [0, al] by [0, at+bI] and derive interesting 
results. 
We give examples and indicate how it differ from pure 
neutrosophic bistructures. 


Example 2.1.25: Let R = R; U R2 = {[0, at+bI] | a, b € Zu, x, 
+} U {[0, atbI] | a, b © Zi2, x, +} be a neutrosophic interval 
biring. Clearly R is not a pure neutrosophic interval biring but 
R has pure neutrosophic interval subbiring and just interval 
biring, given by P= P; U P2 = {[0, bI] |b € Zao, +, x} U {[0, bI] 
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|b € Zi, +, X} CR is a pure neutrosophic interval subbiring 
which is also a pure neutrosophic interval biideal. 

Take S = S; U So = {[0, a] la € Z4, +, x} U {[0, all ae 
Zio, +, X} CR, S is a interval subbiring which is not an interval 
biideal. 

Apart from this if we take W = W,; U W2 = {[0, at+bI] | a, b 
€ 2Z4, +, X} U {[0, atb]] | a,b € 2Z)2, +, x} CR; UR. =R, W 
is a neutrosophic interval subbiring which is a biideal of R. 


Example 2.1.26: Let S = S; U Sz = {[0, atbI] | a, b © Za46, x, 
+} U {[0, a+bI] | a, b € Zs, x, +} be a neutrosophic interval 
biring. This has bisubrings which are not biideals and 
bisubrings which are biideals. 

Inview of this we have the following theorem. 


THEOREM 2.1.2: Let M = M; UM; = [{[0, a+bI] \a, b € Z,, x 
+} U{[0, a+bl] | a, b € Z,, X +} m and n are distinct non 
prime numbers. M has P = P; UP; = {[0, al] |aéZ, % +) U 
{[0, bI] | b € Z,, X% +} CM, P is a subbiring as well as 
subbiideal. 

But T= T, UT>= {[0, a] lae Z,, x, +} U {[0, b] lb € Zn, 
x, +} c Mis only a subbiring and is not a biideal of M. 

Proof is straight forward hence left as an exercise to the 
reader. 


Example 2.1.27: Let P = P; U P2 = {[0, a+b] 1a, b € Zo, +, x} 
8U {[0, atbI] | a, b € Zio, +, x} be a neutrosophic interval 
biring. 

This has biideals and bisubrings. Take S = S; U Sz = {[0, 
at+bI] | a, b € {0, 3, 6} C Zo, x, +} U {[0, atbI] 1a, b € {0, 4, 
8},+,x} CP; UP». S is a biideal of P. 

Take W = W,; U W2 = {[0, a] |a, be {0, 3, 6} C Zo, x, +} 
U {[0, a] lae {0, 4, 8}, +, x} CP; U Po = P; W is only a 
bisubring of P and is not a biideal of P. Thus P has subbirings 
which are not biideals. 

Consider P/S = P,/S; U P2/S2 = {S), [0, atbI] + S, la, be 
{0, 1, 2}, +, x} U {S», [0, atbI] + S. la, be {0, 1, 2, 3}, +, x} 
is a biring. The order of P/S denoted by IP/SI=9 U 16. 
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Now B = B; U Bo = {[0, al] 1a € Zo, +, x} U {[0, bI] | be 
Zi, +, X} CP; U Pz is a biideal of P. 

Consider P/B = P,/B, U P2/Bo = {By, [0,1] + By, ..., [0, 8] + 
By} U {Bo, [0,1] + Bs, [0,2] + Bo, ..., [0, 11] + By} is the 
quotient neutrosophic interval biring or neutrosophic interval 
quotient biring. 

These neutrosophic interval birings also contain 
zerobidivisors, biunits etc. 


Example 2.1.28: Let M = M; U M> = {[0, at+bI] |a, b € Zi, +, 
x} U {[0, atbI] | a, b © Zi3, +, x} be a neutrosophic interval 
biring. This has biideals. For take P = P; U P2 = {[0, al] lae 
Zi, +, X} U {[0, al] la € Zp, +, xX} C M; U Ms = Mis 
neutrosophic interval biideal. The quotient biring M/P = M,/P, 
U M,/P> = {P), [0,1] + Pi, ..., [0, 10] + Pi, +, x} U {Po, [0,1] + 
P,, ..., (0, 12] + Po, +, x} = ZU Zp. 

Studies in this direction can be carried out by the interested 
reader. 


Example 2.1.29: Let M=M; UM) = {[0, atbI] 1a, b € Zp, +, 
x} U {[0, atbI] | a, b © Zoo, +, x} be a neutrosophic interval 
biring. M has biideals, bisubrings, which are not biideals, 
biunits, bizero divisors and biidempotents. 

We can also define S = S; U S2 where S; is pure 
neutrosophic and S, mixed neutrosophic still we call interval 
biring. 

We will give some examples of them. 


Example 2.1.30: Let V=V, U V2= {[0, al] lae Zp, +, x} U 
{0, atbI] | a, b € Zio, +, x} be the neutrosophic interval biring. 

Consider S = S; US2= {[0, al] la € Zy4, +, x} U {[0, a+b] 
la, b © Zy, +, X}, S is not a neutrosophic interval biring of S; C 
So. 


Example 2.1.31: Let M=M, UM)= {[0, al] la © Zo4, +, x} 


U {[0, atbI] | a, b © Zyo, +, xX} be the neutrosophic interval 
biring. 
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This biring has biideals, bisubrings, bizero divisors and so 
on. 


Example 2.1.32: Let P =P, UP, = {ZsI, +, x} U {[0, atb]] | a, 
be Z,, +, x} be a neutrosophic quasi interval biring. 


Example 2.1.33: Let P= P; U P2= {[0, at+bI] la, b € Zy4, +, x} 
U {Zis, +, X} be a quasi neutrosophic quasi interval biring. 
We can define special type of neutrosophic interval birings. 


Example 2.1.34: Let 


T=T,UTo= {Sion ae Zao4x} U 
i=0 
{to +blI]x' |a,be Zui 
i=0 


be a neutrosophic interval polynomial biring. 
Example 2.1.35: Let 


$=S,:US = {Biase 
i=0 


ae Zar U 


{S108 +bI]x' 


a,be Zou 


be a quasi neutrosophic interval polynomial biring. 


Example 2.1.36: Let 


S=S;US= [Saw ae Z| U 
i=0 
{Sitoa-rone a,be Z| 
i=0 


be a neutrosophic quasi interval polynomial biring. 
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Example 2.1.37: Let 


A=A,UA)= {Ztoa-one 


i=0 


a,be Za U 


{08 +bI]x' 


i=0 


a,be Za} 


be a quasi neutrosophic quasi interval polynomial biring. 
Now likewise we can define neutrosophic interval matrix 
birings. 


Example 2.1.38: Let 


M=M, U M2= {eee a 


[0,a,I] [0,a,1] 


ae 2a U 


{P = (Pij)sxs where Pi = [0, al] with aij e Zi25 1< i, j < 5. x, +} 
be a neutrosophic interval matrix biring. 


Example 2.1.39: Let P = P; U P2 = {all 3 x 3 neutrosophic 
interval matrices with intervals of the form [0, a+bI] where a, b 
€ Zi, +, X} U {all 8 X 8 neutrosophic interval matrices with 
intervals of the form [0, al] with a € Zug, +, x} be a 
neutrosophic interval matrix biring. 


Example 2.1.40: Let M = M, UM, = {all 10 x 10 neutrosophic 
interval matrices with intervals of the form [0, a+bI] where a, b 
€ Zy, +, X} U {all 6x6 neutrosophic interval matrices with 
intervals of the form [0, a] with a © Zug, +, x} be a quasi 
neutrosophic interval matrix biring. 


Example 2.1.41: Let P = P; U P2 = {all 3 x 3 interval matrices 
with intervals of the form [0, a] where a € Za, +, X} U {all 
10x10 neutrosophic interval matrices with intervals of the form 
[0, al] with a € Zi, +, X} be a quasi neutrosophic interval 
matrix biring. 


Example 2.1.42: Let T = T; U T2 = {All 5x5 matrices with 
pure neutrosophic entries from ZI} U {all 20X20 neutrosophic 
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interval matrices with intervals of the form [0, a+bI], a, b € Z), 
+, x} be the neutrosophic quasi interval matrix biring. 


Example 2.1.43: Let P = P; U P2 = {All 3x3 matrices with 
entries form Z4, +, X} U {all 2x2 neutrosophic interval matrices 
with intervals of the form [0, a+bI] where a, b € Zy, +, x} be a 
quasi neutrosophic quasi interval matrix biring. 

For these special type of birings also bisubstructures, bizero 
divisors, biunits etc can be defined and studied as a matter of 
routine. 


2.2 Neutrosophic Interval Bisemirings 


In this section we define the notion of neutrosophic interval 
bisemirings. It is important to note that in case of neutrosophic 
interval birings we could not use Z* U {0} or R* U {0} or Q*U 
{0} as they are not rings but in case of neutrosophic interval 
bisemirings we can make use of these positive reals, positive 
rationals and positive integers apart from the modulo integers 
Zn. 


DEFINITION 2.2.1: Let P= P; UP = {[0, al] |\aeéZ,orZ VU 
{0} or R* U{0} or O Uf{O}} Uff0, al] \a eZ, or Z’ U{0} or 
O* U {0} or R* U{0}} (or used in the mutually exclusive sense). 

P, and P are closed with respect + and x. So P; and P> 
are interval semirings. If P; #P2 or P; ¢ P2 or P2 € P; then we 
define P to be a neutrosophic interval bisemiring. 

In other words P = P; VU P» where P; and P> are two 
distinct neutrosophic interval semirings, then P is defined as the 
neutrosophic interval bisemiring. 

We give examples of them. 


Example 2.2.1: Let V = V; U V2 = {[0, al] lae€ ZU {0}, 4, 
x} U {[0, al] | a € Zo, +, x} be a pure neutrosophic interval 
bisemiring. 


Example 2.2.2: Let T=T, UT2= {[0, al] |ae R* u {0}, 4+, 
x} U {[0, al] 1a © Zy, +, x} be a pure neutrosophic interval 
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bisemiring. Elements in T will be of the form [0, al] U [0, bl] 
where ae R*U {0} andbe Zy. 


Note: When we use {[0, al] | a € Zo, +, x} as a semiring ‘+’ 
denotes max and ‘x’ denotes min operation. 


Example 2.2.3: Let M = M, U Mo = {[0, al] la € Z42, +, x} U 
{{0, bI] | b € Z,, +, x} be the pure neutrosophic interval 
bisemiring. 


Example 2.2.4: Let T =T, UT. = {[0, al] lae 3Z u {0}, +, 
x} U {[0, al] la © 5Z* U {0}, +, x} be the pure neutrosophic 
interval bisemiring. 


Example 2.2.5: Let V = V, U V2 = {[0, al] la € 9Z* u {0}, 4, 
x} U {[0, al] la e 8Z* U {0}, +, x} be the neutrosophic interval 
bisemiring of infinite order. 

Now having seen neutrosophic interval bisemiring we can 
define bisubstructures in them [8]. 

We see in general the interval bisemirings are interval 
bisemifields. This is due to the fact that Z* c Q* c R* so we 
cannot define bisemifields which are distinct. Further if the 
entries are from Z, we see they are not strict interval 
bisemirings hence cannot be bisemifields. 


We can of course define mixed neutrosophic interval 
bisemirings. 

We will give only examples of this structure. 
Example 2.2.6: Let M = M,; U M2 = {[0, a+bI] | a, b € Zoo, +4, 


x} U {[0, atbI] | a, b € Z4o, +, x} be a neutrosophic interval 
bisemiring. 
Example 2.2.7: Let P= P, U P2 = {[0, atbI] | a, b € ZU {0}, 


+, xX} U {[0, atbI] | a, b © Zo, +, x} be the neutrosophic 
interval bisemiring. 
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Example 2.2.8: Let V = V; U V2 = {[0, atbI] | a, b € 3Z* U 
{O}, +, x} U {[0, al] la © R* U {0}, +, x} be a neutrosophic 
interval bisemiring. V is not a bisemifield. 

M=M: U Mo= {[0, atbI] la, b € 9Z* U {0}, +, x} U {[0, 
al] |a e Qu {0}, +, x} c Vi U Vz is a neutrosophic interval 
bisubsemiring. 

Take T = T; UT2= {[0, a] lae 3Z U {0}, +, x} U {[0, al] | 
ae Qu {0}, +, X}c¢ Vi U V2; T is a quasi neutrosophic 
interval bisubsemiring of V.  V is not a Smarandache 
neutrosophic interval bisemiring. 


Example 2.2.9: Let P= P; U P= {[0, al] lae Z* u {0}, x, +} 
U {[0, al] la © Z4s, +, X} be a neutrosophic interval bisemiring. 


Example 2.2.10: Let B = B, UB. = {[0, al] |ae Z,, +, x} U 
{[0, al] |a € Zs, +, x} be a neutrosophic interval bisemiring of 
finite order which is not a bisemifield. 

We can as in case of brings define the notion of quasi 
neutrosophic interval bisemirings and neutrosophic quasi 
interval bisemirings. 

We give only examples of them. 


Example 2.2.11: Let C=C; UC, = {[0, al] lae ZU {0}} U 
{{0, a] | a € R* U {0}} be a quasi neutrosophic interval 
bisemiring. Clearly C is a quasi neutrosophic interval 
bisemifield. [0, I] U [0, 1] is the biidentity element of C with 
respect of multiplication. 


Example 2.2.12: Let C=C, UC, = {[0,a+bl] la, be ZU 
{O}, +, x} U {[0, a] la © Q* u {O}, x, +} be a quasi 
neutrosophic interval bisemiring. C is a quasi neutrosophic 
interval bisemifield. 


Example 2.2.13: Let M=M,;UM> = {[0, atbI] | a, b € Zs, +, 
x} U {f0, a] la e ZU {0}, +, x} be a quasi neutrosophic 
interval bisemiring but is not a bisemifield. Infact M is a quasi 
neutrosophic interval quasi bifield. 
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Example 2.2.14: Let M=M, U M2 = {[0, aI] | a © Zoo, +, x} 
U {[0, al] |a € Z* U {0}, +, X} be a neutrosophic interval 
bisemiring of finite order. M is a neutrosophic interval quasi 
bifield. 


Example 2.2.15: Let M =M, UM: = {Z+ uv {0}, +, x} U {[0, 
al] | a © Zys, +, X} be a quasi neutrosophic quasi interval quasi 
bifield. 


Example 2.2.16: Let M =M,; UM = {ZI u {0}, +, x} u {[0, 
al] | a € Zoo, +, X} be a neutrosophic quasi interval quasi bifield. 


Example 2.2.17: Let V = Vi U V2 = {ZT vu {0}, +, x} U 
{[0, a] | a © Z4o, +, x} be a quasi neutrosophic quasi interval 
bisemiring. Clearly V is a quasi neutrosophic quasi interval 
quasi field. 


Example 2.2.18: Let V = V, U V2 = {[0, all a € Zoo, +, X} U 
{Z* U {0}, x, +}, V is also quasi neutrosophic quasi interval 
quasi bifield. 


Now having seen examples of interval bisemirings and their 
generalization, we leave it for the reader to prove related results 
and properties associated with bisemirings [8]. 


Example 2.2.19: Let L=L; UL2 = {Q* u {0}, x, +} U {[0, a] 
la e R* U {O}, +, x} be a quasi neutrosophic quasi interval 
biring. Infact L is a quasi neutrosophic quasi interval bifield 
which has subbifields. 


Example 2.2.20: Let M=M, U Mp= {Z* u {0}, +, x} U {[0, 
al] | a € Zs, +, X} be a quasi interval quasi neutrosophic quasi 
bifield. 

Now we can construct bistructures using neutrosophic 
interval rings and semirings. 

Let L = L; U Ly where L, is a neutrosophic interval ring and 
L, is a neutrosophic interval semiring. We define L = L; U Ly 
to be a neutrosophic interval ring-semiring. 
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We will give some examples of them. 


Example 2.2.21: Let W = W, U W2 = {[0, al] |a e Z* U {0}, 
x, +} U {[0, al] | a € Zo, +, x} be a neutrosophic interval 
semiring - ring of infinite order. (Here Z2, +, X is modulo 
addition and multiplication) 


Example 2.2.22: Let M = M; U M> = {[0, al+b] la, b € Zuo, +, 
x} U {[0, atbI] | a, b © R* U {0}, +, x} be a neutrosophic 
interval ring - semiring. 


Example 2.2.23: Let W = W, U W2= {[0, al] la € Zs), +, x} U 
{[0, atbI] | a, b € ZU {0}, +, x} be the neutrosophic interval 
ring - semiring. 


We can use distributive lattices for semirings as all 
distributive lattices are semirings. 


Example 2.2.24: Let L = L; U Lz = {[0, al], al in chain lattice 
C,= {O<al <al ...< al}} U {[0, al] la] Zy, +, x} bea 
neutrosophic interval semiring - ring. 


Example 2.2.25: Let 
O,a] [0,a,I 
L-Lute al] [0,a, 1 


a, € Z,,+,%5151<54>¢ U 
[0,a,I] [0,a,I 


{({O, ail], ..., [0, aiol]) lai e Z* U {0}, 1 <i < 10, +, x} bea 
neutrosophic interval semiring - ring. 
Example 2.2.26: Let 


co 


L=Lba= | S00 


i=0 
{Suro a,€e | 
i=0 


be a neutrosophic interval semiring - ring. 


se R*U(0)} U 
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Example 2.2.27: Let M = M; U Mp = {all 10 x 10 interval 
matrices with intervals of the form {[0, al] where ae Z* U 


(0}} U {Zion 


a, € Zh be the neutrosophic interval 


semiring - ring. 

Substructures can be defined in these cases which is a 
matter of routine. We will give one or two examples before we 
proceed onto give generalized forms of neutrosophic interval 
ring - semiring. 


Example 2.2.28: Let 


V=ViUV2= {Sito a,eR* vio}rx| U 
i=0 


{([0, al], [0, bij, [0, cl], [0, dI]) | a, b, C, de Z405 +, x} bea 
neutrosophic interval semiring - ring. Consider 


W=W, UW) = {dia al]x’ 


i=0 


a,€Q” Wo} U 


{([0, al], 0, 0, [0, bI]) la, b € Zou, +, x} C Vi U V2, Wis a 
neutrosophic interval subsemiring - subring of V. 


Example 2.2.29: Let M =M,; UM = {([0, ail], ..., [0, ayl]) | a; 
€ R*U {0}, 1 Sis 12,4, x } u {((0, al], [0, bI]) la, b © Zys, +, 
x} be a neutrosophic interval semiring - ring. Consider S = S; 
U So = {([0, ail], 0, 0, 0, 0, 0, 0, [0, asl], 0, 0, 0, [0, ait], where 
a, € R*U {0}, i=1, 8, 12} U {((0, al), [0, bl] la, b € {0, 5, 10, 
15, 20} c Zs} GC M; U Mp is a neutrosophic interval 
subsemiring - subring of M, which is also a biideal of M. In 
general all subsemiring-subring of M need not be biideals of M. 

For take T = T; U T2 = {((0, ail], ..., [0, ayal]) | ay, ..., ayo € 
Z* VU {0}} U {([0, al], 0) la € Zos} C M; U Mp = Mis only a 
neutrosophic interval subsemiring - subring and not a biideal of 
M. 

We can define bizero divisor, biidempotents etc in case of 
neutrosophic interval semiring - ring. We can also define the 
notion of Smarandache concepts of these bistructures. All of 
them are direct and hence left as an exercise to the reader. We 
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now proceed give examples of quasi bistructure which can be 
easily understood by the reader. 


Example 2.2.30: Let V = V, U V2= {[0, aJlae ZU {0}} U 
{[0, al] | a € Zo} be the quasi neutrosophic interval semiring - 
ring. 


Example 2.2.31: Let R= Ry U Ro = {([0, ai], [0, a], ..., [0, a]) 


la € Zon, 1 S18 9} U {Zax 


i=0 


a,€Q’ vio} be a quasi 
neutrosophic quasi interval ring - semiring. 
Example 2.2.32: Let 


M=M,UM)= {a al]x' 
i=0 


aeZ v0 U 


{[0, a] | a © Zoo} be a quasi neutrosophic interval semiring - 
ring. 


Example 2.2.33: Let 


i=0 


{0 al]x' 


ae Zu | 
be a quasi neutrosophic quasi interval ring - semiring. 
Example 2.2.34: Let 


W=W,UW= >a a;I]x’ 


i=0 


aeZuU | U 
{All 10 x 10 neutrosophic interval matrices with intervals of the 


form [0, aI] with a € Zio} be a neutrosophic quasi interval 
semiring - ring. 
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Example 2.2.35: Let 


T=TjUT;= {Zions 


i=0 


aeQ’ v0) U 


ae Zs} 


be a neutrosophic quasi interval semiring - ring. 


{Save 
i=0 


Now having seen examples of these we can define 
subbistructure, Smarandache notions on them and study them; 
which can be thought as a matter of routine. We can also define 
all properties related with rings and semirings on_ these 
bistructures with appropriate modifications. We leave all these 
task to the reader. We will be using these bistructures to build 
bivector spaces, bisemivector spaces and vector space - 
semivector space. 


Example 2.2.36: Let 


V=ViUV2= {Sto 


i=0 


1< 210) U 


{{0, al] | a € Z.4} be a quasi neutrosophic interval semiring — 
ring. This has no bizero divisors but has quasi bizero divisors 
given by 0 U [0, 121] = x and y=0U (0, 21] € V, we see xy = 0 
U 0. Likewise quasi biunits given by x = [0, 1] U [0, 23I] €« V 
is such that x” = [0, 1] U[0, I]. It is clearly [0, 1] U [0, I] is the 
identity bielement of V. 


We see V has only quasi biidempotents for x = [0, 1] U [0, 
161] € V such that x? = x. V has also binilpotents. Consider x 
= [0, 0] U [0, 12I] in V. We see x” = [0, 0] U [0, 0] as [0, 121] 
[0, 121] = [0, 144 I] = [0, 0] (mod 24). 


Thus we can have notion of quasi Smarandache bizero 


divisors, Smarandache biidempotents, Smarandache biunits and 
so on. 
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2.3 Neutrosophic Interval Bivector Spaces and their 
Generalization 


In this section we for the first time we define the notion of 
neutrosophic interval bivector spaces, neutrosophic interval 
bisemivector spaces give their generalization. We also describe 
some of their properties associated with them. 


DEFINITION 2.3.1: Let V = V; U V2 be a neutrosophic interval 
commutative bigroup under addition. Let F be a field if V; is a 
vector space over F for i = I, 2 then, we define V to be 
neutrosophic interval bivector space over the field F. 


It is important to mention here that F = Z,, p a prime for we 
see none of our bigroups can take intervals from Z* U {0} or Q* 
U {0} or R* U {0} as they are not groups under addition. Thus 
when we speak of neutrosophic interval bivector spaces we only 
take over the field Z,, p a prime. 

We give examples of them. 


Example 2.3.1: Let V = V; U V2 = {[0, al] la e Zs, +} U 
[0, al] 
[0,bI] || a, b, c € Zs, +} 
[0, cI] 


be an additive abelian bigroup. V is a pure neutrosophic 
interval bigroup over the field Z; = F. 


Example 2.3.2: Let M = M,; U M> = {[0, al + b] la, b € Z,, +} 
U {({0, al], [0, bl], [0, cl], [0, dI]) | a, b,c, de Z,, +} bea 
neutrosophic interval bigroup; V is a neutrosophic interval 
bivector space over the field F = Z7. 


Example 2.3.3: Let 


21 
V=ViUV2= {Se all]x’ 


i=0 


ae Z| U 
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{0 al]x”! 


i=0 


ae Z| 


be a neutrosophic interval bigroup. V is a neutrosophic interval 
bivector space over the field Z;3. 


Example 2.3.4: Let M=M, U M2 = 
[0,aI] [0,bI] [0,cI] [0,dI] 
[0,eI] [0,f1] [0,gI] [0,hI] | Ja.b,c,...,.k,le Z,..4+7 U 
[0, jI] [0,iI] [0,kI] [0,1] 


{({0, al], [0, bl], ..., [0, tI]) | a, b, ..., te Zs, +} bea pure 
neutrosophic interval bivector space over Z,3. 


Example 2.3.5: Let M = M,; U Mb = {all neutrosophic interval 
3 x 7 matrices with intervals of the form [0, al] where a € Z,3} 


70 
U {Sto +bI]x' 
i=0 


a,be Z o| be a _neutrosophic interval 
bivector space over the field Z45. 


Example 2.3.6: Let 


20 
M=M,UM)= {Stone 
i=0 


ae zs} U 


{({0, al], [0, bl], [0, cI]) | a, b, c € Z 3}; M is a pure 
neutrosophic interval bivector space over the field F = Z3. 


Infact bidimension of M over F is (21 U 3). The bibasis of 
M over F is given by {[0, I], [0, Ix, [0, I] x’, ..., [0, Ix} U 
{([0, I], 0, 0), (O, [0, I], 0), (O, 0, [0, I])}. Take 


10 
T= {Sion ae zs} U 


i=0 
{({O, al], [0, bI], 0) | a, b € Z3} CM; T is of bidimension 11 U 
2 and a bibasis for T is given by B, = {[0, I], [0, I] x, ..., 
[0, I] x °} U {[0, I], 0, 0), (0, [0, I], 0)}. Thus T is a 


94 


neutrosophic interval subbivector space of bidimension 11 U 2 
and B, is a bibasis of T. 

It is important to note that the basis of interval bivector 
spaces are intervals and not elements of Q* U {0} or R* U {0} 
or Z,. Infact the base elements do not belong to Z,, which is the 
case of usual bivector spaces. 


Example 2.3.7: Let V=V,U V2 = 
[0,a,l] [0,a,1] [0,a,]] 
O,a,I] [O,a.I] [0,a,] 
EO Beth West UP ag a, € Z,,,1<i<12} U 
[0,a,I] [0,a,I] [0,a,1] 
[O,a,f] [0,a,,1] [0,a,,1] 


[O,a,I] [0,a,T] 
[0,a,I] [0,a,1] 
be a pure neutrosophic interval vector space over the field Zy7. 


V is a bidimension 12 U 4 and a interval bibasis for V is given 
by B= 


NeZntsiss| 


[0,1] 0 O]JO [0, O]f0 O [0,1] 
0 0 0]/0 O O}/0 0 O 
05.2 01102 2 OVO Os, 26: , | 
0 0 O0]//0 O O}]0 0 O 
0 0 0]fo 0 O]f0 0 O 
[0.1] 0 O}]/0 [0,1] O}]0 O [0,1] 
0 0 O}]0 oO oO;]0 0 oF 
PO, OO] O° OS 20} 0-0 0 
ro 0 O]fo 0 O|fo 0 Oo 
0 0 0//0 O O;]]0 0 O 
[0,1] 0 O}]0 [04 O}}0 0 [O} 
[Oi ° OO: a0: 05) 00-90 
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0 0 0]//0 0 oO|fo0 0 Oo 
0 0 O0//0 0 O}]0 0 O - 
0 0 0//0 0 O;]0 0 O 
(0.11 0 0/10 [0,1 O}/0 0 [ON 


; ; ; is a bibasis 
0 OoO;;0 O [0,1] O/|0 [0,T] 


of V over Za7. 


[0,a,]] 0 0 
0 [0,a,I 0 
Let J= Eee AeZ  1eisay 
0 0 [0,a,I] 


0 [Oa,I] 0 


[O,a,I] [0,a,T] 
0 [0,a,1] 
J is pure neutrosophic interval bivector subspace of V over the 
field Z43. 


The bidimension of J is {4} U {3}. The interval bibasis of J 
over Z43 iS given by 


seZ.1si53} CV, U Vo, 


C=C;UQ= 

[0.1] 0 O0]/JO 0 O1f/0 0 O]fo 0 oO 

Of ODT (OLY Oye Ore Oe -O 

0 0 0/]0 O O7|0 0 fon/|0 oO Oo 

0 0 0//0 O O}|0 0 O |IO [0,1] 0 
0 


("s" : Fs [ a 0 } niin ck 
U : ; c V, U V3, is a bibasis 
0 O;}0 0 0 [0,]] 


of C over Z43. The bidimension of C is {4} U {3}. Here also 
we see the bibase elements of C is only intervals. 
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Example 2.3.8: Let V = V, U V2 = 
(bee [0,a,I] [0,a,]] Heal eee } 5 
[0,a,I] [0,a,I] [0,a,I] [0,a,I] || 

| [0,a,1] 

[0,a,1] 

[0,a,]] 

[0,a,I] | |a,€ Z,,1Si<7 

[0,a,1] 

[0,a,I] 

| [0,a,1] 


be a pure neutrosophic interval bivector space over Zs. 


P| 0 [Oa] 0 a 


[0a] O [0,a,I] 0 


neZaAsics| 


| [0,a,1] 
0 
[0,a,1] 
U 0 |la,eZ,,1sis4+} CVIUVI=V 
[0,a,1] 
0 
| [0,a,1] 


is a pure neutrosophic interval bivector subspace of V over Zs. 
The bidimension of V is {8} U {7} and a interval bibasis of 
V is 


B= 
(0.11) 0 0 O]f0 [0 0 O]f0 O [0,1 0 
0: * O02 SO F-08 2 OS SOOT. Oe Ge Oy 

000 001! 0 00 Olfo 0 00 

000 0 /|/f00) 0 0 O} 0 [0,4 0 O}’ 
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00 0 O]fo 00 O : 
0 0 [00] 0//0 0 0 [oO] 


(to. ]/ 0 |f o ]f o 0 0 0 
0 ||{0,1]}| 0 0 0 0 0 
0 |/[0,1}| 0 0 0 0 

0 || oO |, O |J fou}, | 0 |} 0 |.) 0 
0 0 0 0 [0,.1]}| 0 0 
0 0 0 0 0 |/[0,1]|| 0 
| oj}, off o J, o | | o J] o | }fon 


Now an interval bibasis of P is as follows: 


cf? 1 0 0]f0 0 oO fon) fo oo 0 
NG? 0 FOTO PNG) 0. 0° Os VOTO. O..0) 


(fo, | { o 0 0 

0 0 0 0 

0 ||fo1N}] o 0 
0.0 0.0 
U O |.) O |) O |) O c Bis 

0 0 [0,1] 0 

0 0 |lfon}| o 

0 0 0 0 

| o |, o || 0 | {fon 


an interval bibasis of P over Zs. 

Now we can define the notion of interval bilinear 
transformation of neutrosophic interval bivector spaces defined 
over the same field F. 

Let V and W be any two neutrosophic interval bivector 
spaces defined over the field F. Let T= T,; U T2: V > W that 
is T=T,; UT2: V; U V2 3 W, U Wo where T; : V; > W; is a 
linear interval vector transformation. The only condition being 
on T; in case of neutrosophic interval linear transformation is 
that T ({0, al]) — [0, bI], b # 0 that al bb bI acan be equal to b 
but b 4 0 for every a # 0; i=1, 2. 
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We will give some examples of them. 


Example 2.3.9: Let V = V; U V2 = {({0, al], [0, bI], [0, cl], 
[0,a,I] 
[0, dI]) la, b,c, d€ Zo3} U 4] [0,a,I] | ]a,,a,,a,€ Z,, p and W = 
[0,a,]] 


wows fat aa 


[0,a,I] [0,a,]] 


[0, aol], ..., (0, acl]) | ai € Zs, 1 S i < 6} be two pure 
neutrosophic interval bivector spaces over the field F = Zp3. 
Define T= T, UT: V=V,U V2 3 W= W, U W2 as follows. 
T, : Vi > Ww, and 
T2 : V2 Wz is defined by T, ([0, al], [0, bl], [0, cl], 
[0,a,1] 


fo, ary = [|LoaH lPHT) oat | 0.2.01) | = (0, ad), 0 
mm 110 cl) [0d] Pelilhesser eae tans eigenen 
[0,a,]] 


[0, aI], 0, [0, asf], 0). T= T, U T2 is a bilinear transformation of 
V to W. 
We can define bikernel etc as in case of usual vector spaces. 
The following theorem is simple and direct and hence left as 
an exercise to the reader. 


a, € Za tsisa| U {((0, ail], 


THEOREM 2.3.1 : Let V = V; UV: and W = W, U W) be 
neutrosophic interval bivector spaces defined over the same 
field F. Let T be a linear bitransformation from V into W. 
Suppose V is finite dimensional then 

birank T + binullity T = dim V; Udim V> = bidim V. 
that is (rank T; Urank T2 ) + (nullity T; Unullity T>) = dim V, 
U dim V2 = (rank T, + nullity T;) U (rank T + nullity T,) = 
dim V; U dim V> 

Further for any two neutrosophic interval bivector spaces V 
= V,; U V2 and W = W, U W3 defined over the field F if T, and 
T> are linear bitransformations of V into W then 

(T, + T,) is again a linear bitransformation of V into W 
defined by 
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(T1+T2)(@UB) =T; @UB)+T2 (@UB) 
where T; = T; (@) + T, (B) U T, (a) + T; (B). 


Let V and W be neutrosophic interval bivector spaces 
defined over the same field F. We say T : V > W, a linear 
bitransformation from V to W to be invertible if there exists a 
linear bitransformation U such that UT is the identity linear 
bitransformation (bifunction) on V and TU is identity linear 
bifunction (bitransformation) on W. 

In other words if T = T; U T2: Vj U T2 — W, U W2 and U 
=U,;U UW: V,; U V2 — W; U W2 where T; : V; — W,, To: 
V2.7 W> 

U,; : Vi; — W, and U2: V2 — W, with T; Uj is the identity 
function on V, and T,U; is the identity function on V>. That is 
T, U; U T2Uz is the identity bifunction on V = V; U V>2 and 
similarly U; T; U Us To is the identity bifunction on W = W, U 
W>. We denote U by T” that is U=U; U Un = Ty! U T;". 

Thus we say a linear bitransformation T = T; U To is 
invertible if and only if 

(i) T is a one to one that is T(a@U B) = (T; U T2) Qu 
B) =T; (a) UT (B) =T (aU b) = (T, UT:) (ab) = 
T, (a) UT» (b) implies © U B =a U b. 

(ii) T is onto, that is the range of T (=T; U T2) is also 
W=W:1U Wo. We say T: V > W that is T= T) 
UT2:V=V,;U V2 3 W= W, VU Wi is the linear 
bitransformation for which T' = T,' U T,' exists 
that is T is non singular if Ta = T; (1) U T2 (& 2) 
(®@ =; UG) = OUD implies © =Q; UM=0 
U0. 


Further if both V = V; U V2 and W = W, U W;‘ are finite 
dimensional pure neutrosophic interval bivector spaces over the 
field F such that bidim V = bidim W = dim V, U dim V2 = 
dim W,; Udim W>. If T = T; U T> is a linear bitransformation 
from V into W, the following are equivalent. 
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G) T=T,; UT? is biinvertible. 

Gi) T is non-bisingular (i.e., T; and T2 are non singular). 

(ii) T = T; U T) is onto that is birange of T is W = W; U 
W>. 


We see all our neutrosophic interval bivector spaces can 
only be over the field Z,, of prime characteristic p Le., over 
finite fields. 

Further all results and properties true in case of vector 
spaces over finite characteristic fields is true and can be proved 
with simple and appropriate modifications. 

Let T = T; U T2: Vij U Vo © W, U W:, be a linear 
bitransformation of the neutrosophic interval bivector spaces V 
= V; U V> into the neutrosophic interval bivector space W = W, 
U W> defined over the field F. If we take W = W; U W; to be 
the same as V = V, U V3 that is V = W then we define the linear 
bitransformation T to be a linear bioperator on V. 

We will give some examples of linear bioperators. 


Example 2.3.10: Let 


[0,a,]] [0,a,1] 
V=V,UV2= 4|[0,a,1] [0,a,I]|]a,€ Z,,,1<i<67 U 
[O,asI] [0,a,1] 


ps [0, a, ]x' 


i=0 


1.6% ,i05153| 


be a neutrosophic interval bivector space over the field Zi. 
Let T=T,; UT2: V=Vi U V2 > V= Vi U V2 defined by 
T (v) =T (1 U W2) = Ti (v1) U T2 (v2) 


[0,a,t] [0,a,0J [0,a,1] 0 
where T; | |[0,a,I] [0,a,I] |] = 0 [0,a,I]) and 
[O,a.I] [0,a,1] [0,a,] 0 


5 
T> [So.au' = [0, aol] + [0, arl]x” + [0, agl]x* 
i=0 
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is a linear bioperator on V = V; U V2. We can derive almost all 
properties regarding bioperators with appropriate modifications. 
We can define the notion of characteristic bivalue and 
characteristic bivector. Here it is pertinent to mention that the 
characteristic value c will be of the form [0, al] where a € Z, 
the field over which V = V, U V3 is defined. 

For consider the neutrosophic interval bimatrix; 

S=S,;US) 

[0,21] 0 [0, 1] 


[0,1] 0 
=|(0,71] [0,1] O |U 
[0,21] [0,41] 
0 0 [0,51] 


if we want to find the characteristic bivalues of S. Consider 


1S -A Taxa | = 1Sy- Ay Tyg LU TS. - As Ing | 


[0.21] O [0,0] [A001] 0 0 
[0.71] (0.4 Oo |-| 0 AON oO flu 
0 O- [0,5I] 0 0  A,[0,1] 

(0 0 ] [A,f0n 0 
[0,21] [0,41] 0 4,[0.1 
[0,(2—A, I] 0 [0.1] 
=| [0,71]  [0,d-A,)I] 0 U 
0 0 [0,5 -2)0 


[0.(1—A, )1] 0 
[0,21]  [0,(4—-A,)I] 


[0,(1—A, 1] 0 
0 [0,(5—A,)1] 
[0,71] [0,d-A,)0] 
0 


+ 


= {[0, (2-A)T] | 


[0, I] | 


| UIL0, (—-A.)T] x [0, (4-A2)1] | 
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[0, (2-Ay)I J [0, I-Ay)T] [0, G—Ai)T] U [0, Aa) (4-A2) 1] 
[0, (2-A1) (-Ay) (SAL U [0, (Aa) (4-A2) I] 
= {0} U {0} gives the biroots as 


{[0, 21], (0, 0, [0, 51} U {[0, 0, (0, 41}. 


So the biroots are 
[0, 21] v [0, I], [0, 21] vu [0, 41], [0, I] v [0, , [0, I] u 
[0, 41], [0, 51] v [0, I] and [0, 51] uv [0, 41]. 


Thus whenever the biequations are solvable over the finite 
characteristic field Z, (p a prime) we have the bicharacteristic 
values associated with the neutrosophic interval bimatrix and 
the bisolution or the biroot is not in Z, but in the set {[0, al] la 
€ Zp}; tf we assume the bispace is pure neutrosophic otherwise 
in the set {[0, at+bI] | a, b € Z,}; tf we assume the bispace is just 
neutrosophic. If the biroot exists then alone we get the 
characteristic bivalues. Interested reader can study in this 
direction. We can derive atmost all results in this direction with 
simple and appropriate modifications. 

IfT:V=V,; U V2 V; U V2 = V is a linear bioperator on 
V; V = Vi U V> a neutrosophic interval bivector space over the 
field F = Z,. Let W = W; U W2 c V; U V> be a neutrosophic 
interval bivector subspace of V. We say W is biinvariant under 
the bioperator T = T; U T2 on V if T (W) Cc V that is T; (Wi) Cc 
Vi and To (W>) Cc V>. 

Let V = V; U V> be a neutrosophic interval bivector space 
over the field F = Z,. Let w!, W?, - ws be neutrosophic 
interval bivector subspaces of V over the field F = Z,. We say 
w', WwW’, Ws are biindependent if 

o +o +... + o& = 0; of e€ Wi that is a = 
a Uae Wi UW); 1 <i <k implies o' = 0 U 0 that is o' =0 
and a, = 0. Here W'= W; U W3; i=1,2....,k. 

Let V = V; U V> be a finite dimensional neutrosophic 
interval bivector space over the field F = Z,. Let Ww', W’, ...,W* 
(wi =W, UW; ; 1=1,2, ..., k) be bisubspaces of V and let W = 


W' +... + W* that is W = W, U W) = WiUW, +... + 
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Wi UWS = (W, +...4 Wi )U(W, +...4W;). Then we have 


the following three conditions to be equivalent. 


(i) w', Ww’, Sees W* are biindependent; that is 
W,.W,.....W,° are independent and W,,W;,...,W, are 
independent. 


(ii) For each j, 2 <j <k we have W! 4 (W' +... + W'') = 
{O} that is Ww; a) (W, +...+ Ww") = {0} and 


W3 A(W, +...4 Wi") = {0} 


(iii) If B' is a bibasis of W', 1 < i <k then the bisequence B 
= (B’, ..., BS) is a basis for W = W, U Wo. 


Here B' = 8} UB), where Bi is a basis of W; ; t= 1, 2. 

Thus we say W = W' +... + W‘ is the bidirect sum or W is 
a bidirect sum of W!, W., or W< that is W| is the direct sum of 
W),..., W,*, thus 

Wi = Ww) @...8 ws and W; is the direct sum of 

W,,..,W; and W,= W,@...0W;. 

If W = V then we say V is the bidirect sum of Wj, ..., Wx 
and each V,; = W/ @...© Wi and Vo = W, ®...0 Wy. 

Now we will proceed onto define the notion of biprojection. 
Let V = V; U V> be a neutrosophic interval bivector space, a 
biprojection of V is a linear bioperator E = E; U E, on V such 
that E? = E* UE} =E,; UE. We have E: V - V that is E= E, 
UE: V=V,; UV2> V= V, U V2 is a biprojection, with R = 
R,; U R» is the birange of E and B = N; U Nj is the binull space 
of E. 

Thus B = B; U Bp» is in Ry U R> if and only if EB= 
EB, VE,B, = 8, UB2=B. 

Conversely if B = B; UB. = EB= EB, VE,B, then B is in 
the birange of E. 

Further V = R @N, that is V= V; U V2=R,; ON; UR? © 
No. 

We can write every bivector as 

Q= 0, UH=E, o& + (QQ — E; &)}) UE: & + (GQ) — Es ) 
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We can derive all the results related with projections. 

Let V = V; U V> be a neutrosophic interval bivector space. 
V=V,UV,=W'®...0W 

= W; ©..8 Wi UW... OWS. 


For each j we define FE’ = E/UE} on V=V; UV? a 
bioperator on V. 

For every of = af Ua in W) = W/ UW! we have E! of 
=Elo! VE}! = a! Ua}. Then E! is a well defined rule. 
Further E; o = 0 U0 simply means o = a! Ua! =0 U0. 

For each a € V = V; U Vo we have (= E+... + EXO 

= Eia) VE} +... + Efas UESas. 

We have l=], Ub. 

= (E; +..+E{) U (BE, +...+E5). 
If i#j we have E'. E'=0 UO that is BIE} UESE! =0 U0. 


Thus the birange of E’ is the bisubspace W! = W; UW3, 
which is in the null space of E’. 


THEOREM 2.3.2: Let V = V; U/ V2 be a neutrosophic interval 
bivector space. Suppose V = W' @... @W'. 
= V; UV, = W/ UW; ©...0W; UW; 
= (W;/®...0W;) U (W) ®...8W;) then there exists k 
linear bioperators E', E’, veh E that is 
E} UE}, E? UE5,...,.E; UES on V= V; UV) such that 
(i) Each E = E\ UE!‘ is a biprojection ((E') = E); 
LSUSE 
GE = (yi 7, Ls i Sij ek 
(iijjl=l UbsE'+...+E = EVE +..4+E UE 
= (BE) +...+E})U(E)+...4). 
(iv) The birange of E’ = E\ UE; is W' = W} UW;; that is 
birange of E' is W; ; t=1, 2. 
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Conversely if E', E be ees E are linear bioperators on V = 
V; UV>2 which satisfy conditions (i), (ii) and (iii) and if W; is the 
birange of E' then V = W' @... ® W* that is V= V; UV> = 
(W) ®..8W*) U(W; ®...OW; ). 

The proof can be obtained as a matter of routine with 
appropriate modifications. 

Note under the conditions of the above theorem if V = V; U 
V, the neutrosophic interval bivector space where V = W' @ ... 
® W* = (W, ©... Wi) U (W, @...© W; ) and for E', E’, ..., 
E* given as in the above theorem, the necessary and sufficient 
condition that each bisubspace W’ be invariant under T is that T 
= T, UT, commute with each of the projections E! = E/ UE! 
that is TE’ = BT =T,E! UT, Ei= E!T, VE! T, for j = 1, 2, 
.... k. This can be easily verified. 

If T = T; U T> 1s a linear bioperator on a finite dimensional 
bispace V = V; U Vo; V a neutrosophic interval bivector space 
then Hom, (V,V) = {T: V-> V}. 

Study the algebraic structure enjoyed by Hom, (V,V). 

Now we can proceed onto define the notion of neutrosophic 
interval linear bialgebra. 


DEFINITION 2.3.2: Let V = V; U V2 be a neutrosophic interval 
bivector space over the field F. If Vis such that V; closed with 
respect to product and the product is associative then we define 
V to be neutrosophic interval linear bialgebra over the field F = 
Z, (p a prime). 


We give some examples of them. 


Example 2.3.11: Let V = V, U V2 = {([0, al] [0, bl] [0, cl]) la, 


ibe a 
bee Zl Gs 
(0,cI] [0,dI] 


neutrosophic interval linear bialgebra over the field Z. 


a,b,c,de 2 a pure 
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Example 2.3.12: Let V = V,; U V2 = {dea al]x' 


i=0 


ae Za} U 


{({0, al], [0, bl], [0, cl]) | a, b, c © Z3} be a pure neutrosophic 
interval linear bialgebra over the field Z)3. 

We can as in case of linear bialgebra derive all the 
properties with appropriate changes or modifications. This 
work is left as exercise to the reader. 

Now we can also define the notion of Special neutrosophic 
interval bivector space as follows: 


DEFINITION 2.3.3: Let V = V; U V2 be an additive abelian 
neutrosophic interval bigroup. F = F; VU F> be a bifield 
(neutrosophic or otherwise). If V; is a neutrosophic interval 
vector space over F; ; i=1, 2, then we define V to be a special 
neutrosophic interval bivector space over the bifield F. 

We will give examples of them. 


Example 2.3.13: Let V = V; U V2 = {[0, al] la € Z3} U {[0, 
al] | a € Z43} be a special neutrosophic interval bivector space 
over the bifield F = Z3 U Zy3. 


Example 2.3.14: Let M = M; U Mp = {([0, al], [0, bH], [0, cl]) | 
[ [0,a,1] | 
[0,a,1] 
[0,a,I] 
a, b,c € Z} uU a,€Z,,1<i<6; be a special 
[0,a,T] 
[0,a5T] 
| (0,a,1 | 


neutrosophic interval bivector space over the bifield Z7 U Zs= F. 


Example 2.3.15: Let V = V,; U V2 = {[0, al+b] | a, b € Z53} U 
{[0, al] | a, b € Z47} be a special neutrosophic interval bivector 
space over the bifield F = Zs3 U Zy7. 

We can define bisubstructures, bibasis, bidimension as in 
case of neutrosophic interval bivector spaces. 
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We give one or two examples before we proceed to define 
other new structures. 


Examples 2.3.16: Let V= Vi U V2 = {([0, al], [0, bI], [0, cl]) | 
[O,al] [0,eI] 
[0,bI] [0, fl] 
a, b, c € Z53} U a,b,c,d,e,f,g,he Z,,7 bea 
[0,cI] [0,¢1] 
[0,dI] [0, hI] 
special neutrosophic interval bivector space over the bifield F = 
Z53 U Zp3. 
Consider M = M, U M> = {((0, al], 0, 0) la € Z53} U 
0 [0, al] 
[0, bI] 0 
[0,cI] 
[0, dI] 0 
M is a special neutrosophic interval bivector subspace of V 
over the bifield F = Z533 U Z3. 
Now B = {([0, I], 0, 0), (0, [0, H, 0). 7 ; [0, re U 
[0.0 0//0 [0,1 0 


a,b,c,de Z,,7 CVi; UWV2=V. 


0 ojo o oe 0 | os 
0 O;}0 ; : 
0 Oo|fo 

0 oO|f0 Oo 0 ojfo 

0 o|jo oO 0 oto ‘i 7 

(0.1) O|}0 fon]| 0 offo off | 
OOO Oe Oa ON Om (6.1 


B, U B; is a special bibasis of V over the bifield F = Zs53 U Zp3. 
Clearly the special bidimension of V over F = Z53 U Zy3 is {3} 
U {8}. 

We can define special linear bitransformation of two special 
bivector spaces only if they are defined over the same bifield, 
otherwise special linear bitransformation cannot be defined. 

We will give an example of it. 
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Example 2.3.17: Let V = Vi U V2 = {([0, al], [0, bl], [0, cl], 
[0, dI]) la, b, c,d € Z;} U 


[O,al] [0,bI] [0,cl] 

[0,dI] [O,el] [0,nI] 

[0,mI] [0,pI] [0,ql] 

[O,sI] [0,tI] [0,rI] 

neutrosophic interval bivector space over the bifield F = Z, U 
[O,al] [0,bI] 

[0, cI] a 


a,b,c,...,0,r€E Zy, be a_ special 


Zn9. Take W = W,UW2= | 


a,b,c,de z| U 


[0,al] [0,bI] [0,df] [O,cf] [0,rl] [0,pI] 
a,b,c,...,t,re Zy, 
[0,eI] [0,t1] [O,qI] [0,mI] [0,nI] [0,sI] 
be a special neutrosophic interval bivector space over the 


bifield F = Z, U Zo. We can define a special linear 
bitransformation of V into W. 


Let T=T,; UT2; Vi U Vo 3 W, U Wo where T,: V; — W, 
and T, : V2 > W> given by 


ee 
T, (0, al], [0, bl], [0, cI], [0, dI]) = 


[O,cI] [0,dI] 
[O,al] [0,bI] [0,cI] 

7, (| aH (O.eH) [0,nl) _ 
[0,mI] [0,pI] [0,qI] 
[O,sI] [0,tI] [0,r1] 


_ (}[0,al] [0,b1] [0,df] [0,cf] [0,rl] [0,plJ 
7 [O,eI] [0,t1] [0,qI] [0,mI] [0,nI] [0,sI] |) 


T is a special linear bioperator from V to W. 
Let T : V — V, where V is a space of special 
neutrosophic bivector space defined over the bifield. If T is a 
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function such that T = T; U T> and T; : Vj — V; and T2 : V2 > 
V2 where both T; and T, are linear transformations (operators) 
then we define T to be a special linear bioperator on V. 
Define T = T,; UT: V=V; U Vo > V= V; U V> where 
T,: Vi — V; and T2 : V2 > V> given by 
T, (({0, al], [0, bI], [0, cI], [0, dI])) = ({0, al], 0, [0, cl], 0) 
and 
[O,al] [0,bI] [0,cI] 
[0,eI] [0,f1] [0,sI] 
“|| {0,ml] [0.01] [0,pl}]} 
[0,tl] [O,rI] [0,sI] 


[O,al] [O,bI] [0,cI] 
O  [0,dI] [0,f1] 
0 0 [0, sI] 
0 0 [0, tI] 


T is a special linear bioperator on V = V; U V2. 

All properties associated with usual bivector spaces / 
vector spaces can be derived for special neutrosophic 
bivector spaces with appropriate modifications. 

We give examples of special neutrosophic interval bivector 
spaces. 


Example 2.3.18: Let V = V; U V2 = {([0, at+bI], [0, c+dI] [0, 
e+fl1]) la, b, c, d,e, fe Z7} U 

| [0,a,+b,]] 

[0,a, +b, 1] 

[0,a, +b,I] 


a,,b; € Z,,;1<1<10 
[O,a, +b,1] 


| [0, a4 +b, 1] 


be a special neutrosophic interval bivector space defined over 
the bifield F = Z7 U Zj). 
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Thus V has special pure neutrosophic interval bisubspace as 
well as special interval vector bisubspace given by P = P; U P» 
= {({0, al], [0, bl] [0, cl]) | a, bs ¢c € Z} yu 


[0, a1] 
[0,a,1] 

a,€Z,,;1Sisl07 CGC Vi U V2 is a special pure 
[0, ajo1] 


neutrosophic interval bisubspace of V. 
The bidimension of P is {3} U {10}. 


Further T = T; U Tz = {((0, al], [0, bl], [0, cl]) 1a, b, ce 
[ (0,a,1] 
0 
[0,a,1] 
0 
[0, a31] ; . ; 
Zi} U 0 a,€Z,,3;1<i<5- ¢ V is also special pure 
[0,a,1] 
0 
[0, a1] 
0 


neutrosophic interval vector bisubspace of V over the bifield F 
= Z, U Z,, and the bidimension of T is {3} U {5}. 


Consider R = Ry U Ro = {({0, a], [0, b], [0, c]) la, b,c € Z} 
[0, a, ] 


[0,a, ] 
: a,E€Z,315i<s10- CV; UV2=V. Ris a special 


[0,a,9 | 


interval bivector subspace of V over the bifield Z, U Z); = F. 
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Further § = S, U So = {({0, al, 0, [0, b]) where a, b € Z7} U 
| [0, a] 


jo) 


[0, b] 
[0,c] 


a,b,c,deZ,, 7 CVWiU V2 


ooo oO 


[0, d] 


is again a special interval bivector subspace of V over the 
bifield F = Z, U Zi. 

Clearly bidimension of S is {2} U {4}. 

Now we define quasi neutrosophic interval bivector space V 
= V; U V>2 as an interval bivector space where V is a interval 
vector space and V> is a neutrosophic interval vector space. 

We give examples of them. 


Example 2.3.19: Let V = V; U V2 = {[0, a] la € Zo3} U {((0, 
al], [0, bI], [0, cI], [0, dl], [0, el]) | a, b,. c, dj e, € Z3} bea 
quasi neutrosophic interval bivector space over the field Z»3. 


Example 2.3.20: Let M = M; U Mp = 
[ [0,a,] 
[0,a, ] 
[0,a, ] 


a,€ Z;1Si<157 U 
[0,4] 


[0,a,5] 


{{0, a+bI] | a, b © Z43} be a quasi neutrosophic interval bivector 
space over Z3. We see bidimension of M is {15} U {1}. 
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Example 2.3.21: Let 


29 
V=ViUWV2= {de al]x' 


i=0 


ae z} 


be a neutrosophic quasi interval bivector space over the field 
Zs3. Bidimension of V is {30} U {60}. 


ae Zh U 


[Save 


i=0 


Example 2.3.22: Let 

[ [0, al] 
[0, bI] 
V=V; U V2= 4] [0,cI] | ]a,b,c,d,ee Z,, ¢ U 
[0,d]] 
| [0, eI] 


[aI aJ at a, a,l 
al aJI al a J al 
a,t aI a,1 a,I aI |ja,¢Z,,;1<is 25 


al apyl aI aI aol 


a,l a,I a,,1 a,,I a,.1 


be a neutrosophic quasi interval bivector space over the field 
Zit. 


Example 2.3.23: Let 


20 
M=M,UM)= [Saw 


i=0 


1.<Z9} U 


[Oat]. <a. “001 
[0.a,1] ... [0,a,,1] 
[0,a,] ... [0,a,,I] | ]a, € Z.93151< 63 


[Oanl] .. [all 
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be a neutrosophic quasi interval bivector space over Zso. 
Bidimension of V over Zs9 is {21} U {63}. 


Example 2.3.24: Let V = V; U V2 = {all 10 x 12 matrices with 


12 
entries from Z.3} U (Sia. 


i=0 


12%} be a quasi 


neutrosophic quasi interval bivector subspace of V over Z43. The 
bidimension of V is {120} U {13}. 


i=0 


9 
Example 2.3.25: Let P = P) UP) = {Zax 


a,€ 2,| U {all 


neutrosophic interval 6 x 3 matrices with intervals of the form 
[0, at+bI] where a, b € Z)3} be a quasi neutrosophic quasi 
interval bivector space over the field Z)3 of finite bidimension. 


Example 2.3.26: Let 


a, 


a 
THT Tees Mae Fl eee S 


ae Za} 


be a quasi neutrosophic quasi interval bivector space over the 
field Z47 of bidimension {15} U {30}. 

All properties related with bivector spaces / interval 
bivector spaces/ vector spaces can be derived with simple 
appropriate modifications. 

We can define quasi special neutrosophic interval 
bistructure also which can be easily understood from the 
examples. 


a5 


deo all]x’ 


i=0 


8 
Example 2.3.27: Let V = V; U V2 = {0 al]x’ 


i=0 


ae 2. U 


{((0, ai], [0, ao], ..., [0, aol) lai € Zaz; 1 <i < 9} bea special 
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quasi neutrosophic interval bivector space over the bifield F = 
Zi3 U Zy3. 


Example 2.3.28: Let P = {((0, aitbiI], ...,[0, aistbisI]) | a; b; € 
Za. 1 SiS 15} U 


[0,a,] [0,a,] [0,a,] 
O0,a, 0,a, 0,a, ; 
cs as) a; € Z,;;151<33 
[0,a,,] [0,a,] [0,433] 


be a special quasi neutrosophic quasi interval bivector space of 
finite bidimension over the bifield F = Za7 U Z3. 


Example 2.3.29: Let 


25 
P=P, UP,= {Sea <2} U 
i=0 
[0,a,0] 
0,a,I 
4-67, 1ST <2 
[0,a,,1] 


be a special neutrosophic quasi interval bivector space of 
bidimension {26} U {12} over the bifield F = Z7 U Z3. 


Example 2.3.30: Let M = M; U Mp = {all 5 x 5 neutrosophic 
interval matrices with intervals of the form [0, a+bI] | a, b € 
Zso} U {all 8x2 matrices with entries from RI, R-reals} be a 
special neutrosophic quasi interval bivector space over the 


bifield F = Zs59 U R. 

Example 2.3.31: Let T= T,; UT. = {[0, at+bI] la, b € Zy3} U 
40 
Salk’ 
i=0 


bivector space over the bifield F = Z3 U Q. 


ae Q| be a special neutrosophic quasi interval 
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Example 2.3.32: Let 


P=P,UP,= {Sane ae Za} 
i=0 


be a special quasi neutrosophic quasi interval bivector space of 
infinite dimension over the bifield F = Q U Zy3. 


20 
ae Q| U {Stone 


i=0 


LS. 
Example 2.3.33: Let M=M, U M,= {Si al ]x' 


i=0 


ae z,| U 


{all 10 x 10 matrices with entries from Q} be the special quasi 
neutrosophic quasi interval bivector space of finite bidimension 
over the bifield F = Z)3 U Q. 

All properties associated with interval bivector spaces / 
vector spaces can be derived for the special quasi neutrosophic 
interval bivector spaces or special neutrosophic quasi interval 
bivector spaces with simple appropriate modifications which is 
left as an exercise to the reader. 

Also it can be said that without any difficulty special 
neutrosophic interval linear bialgebras can be defined. We give 
some examples of special neutrosophic interval linear 
bialgebras. 


Example 2.3.34: Let 


T=T, UT) = {Si a;I)x’ 


i=0 


<7, U 


[O.aT] [0.a,I] ... [0.a,,1] 
: ; : a, € Z,;151<25,+ 
[0,a.1] [O,a,I] ... [OasI] 


be a special neutrosophic interval linear bialgebra over the 
bifield S = Zi; U Z. 


Example 2.3.35: Let S = S; U S, = {[0, at+bI] | a, b € Zio} U 
{All 15 x 15 neutrosophic intervals with intervals of the form 
[O, atbI] | a, b © Zs} be a special neutrosophic interval linear 
bialgebra over the bifield F = Zj9 U Z:. 
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Example 2.3.36: Let 


M=M,UM>= Zane 


i=0 


aeQhu 


{({0, a1 + bil], ..., [0, aiotbiol]) | ai, bj € Zz, 1 <i < 10} bea 
special neutrosophic quasi interval linear bialgebra of infinite 
dimension over the bifield F = Q U Zz. 


ser} 


{All 3 x 3 neutrosophic interval matrices with intervals of the 
form [0, a+bI] with a, b from Z,} be a special quasi 
neutrosophic quasi interval linear bialgebra of infinite 
dimension over the bifield S = R U Zp. 

Now we proceed onto define neutrosophic interval 
bisemivector spaces. 


Example 2.3.37: Let 


S=S,US)= {Zioare 


i=0 


DEFINITION 2.3.4: Let V = V; U V2 be an additive abelian 
neutrosophic interval bisemigroup with O VU O as its identity. 
Let F be a semifield if V; is a neutrosophic interval semivector 
space over F; i = 1, 2, then we define V to be a neutrosophic 
interval bisemivector space over the semifield F. 


We will illustrate this situation by some examples. 
Example 2.3.38: Let 


V=V,U V2= {[0, atbl] la, be ZU {0}} U 


[0, al] 
[0, bI] r 
a,b,c,de Z* U{0} 
[0,cI] 
[0, dI] 
be a neutrosophic interval semibivector space (bisemivector 
space) over the semifield S = Z* U {0}. 
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Example 2.3.39: Let 
25 


S$=S,US,= {Sion 


i=0 


aEeQ* vio} U 


{All 10 x 2 neutrosophic interval matrices with intervals of the 
form {[0, a+bI] where a, b € Q* U {0}} be a neutrosophic 
interval bisemivector space over F = Z* U {0}, the semifield. 


Example 2.3.40: Let W = W, U W2 = {All 8 x 3 neutrosophic 
interval matrices with intervals of the form [0, al] witha €¢ Z* U 
{0}} U {All 3 x 3 neutrosophic interval matrices with intervals 
from Z* U {0}} be a neutrosophic interval bisemivector space 
over the semifield S = Z* U {0}. 


It is interesting to note W is not a neutrosophic interval 
bisemivector space over the semifield Q* U {0} or R* U {0}. 
Further the dimension of a neutrosophic interval bisemivector 
space also depends on the semifield over which it is defined. 


Example 2.3.41: Let M=M; UM) = 
[[O,a,1] [0,a, 1] 
0,a,I] [0,a,,I 
cm tal £67 CA Ieis18 


[ [0,a,1] [0,a,,1] 


[(O,a,1] [0,a,1] 
[[0,a,!] [0,a,0 


SSN 


ae Q™ voisiss| 
be a neutrosophic interval bisemivector space over the semifield 
SazZ" {0}, 


Clearly M is of bidimension {18} U {co} over S = Z* U 


{O}. 


Further M is not defined over the semifield Q* U {0}. 
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Example 2.3.42: Let V=V,U V2= 


[ [0,a, +b,]] 
[0,a, +b, 
[0,a,+b,I] |la,,b, € Z U{0},1<i<10} U 


| [0,a,, +b,,U 


{([0, al], [0, ay + biI], [0, Cy + di], [0, bi], [0, cI) | a, bi, Ci, di, c 
€ Z* U {0}} be a neutrosophic interval bisemivector space over 
the semifield S = Z* U {0}. 


_ 1 
— 
a 
= 


Oo O° 


Take M = M,; UM = a,be Z* U{O}} U 


= 
os 
oJ 


ooo fo 


{(0, [0, al], 0, [0, bl], [0, dI]) la, b, de Z* U {0}} CVU V2 = 
V; M is a neutrosophic interval bisemivector subspace of V over 


the semifield S = Z* U {0}. 


27 
Example 2.3.43: Let T=T,UT2= {Sa al]x'|ae Q* vio] 
i=0 
[O,al] [0,eI] 
[0,bI] — [0, f1] ne ode 
U where a, b, c, d, e, f, m, n are in Q” U 
[O,cI] [0,ml] 


[O,dI] [0,nI] 
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{O}} be a neutrosophic interval bisemivector space over the 
semifield F = Q* U {0}. 


We see bidimension of T on F is {28} U {8}. If Qu {0} 
is replaced by Z* U {0} the bidimension is infinite. Infact T is 
not defined over the semifield R* U {0}. 


Example 2.3.44: Now consider P = P; U P2 = 


[0,a,+b1] [0,a,+b,I] [0,a,+b,J]  [0,a, +b,]] 

[0,a;+b.I] [0,a,+b,1] [0,a,+b,I] [0,a, +b,]] 

[0,a, +b I] [O,ay +b ol] [0,a,,+b,,1] [0,a,, +b,,I] 
ai, b; € Z* U {0}, 1<i< 12} U 


[O,a,I] [0,a,]] 


0,a,I] [0,a,1 
a a a, € Q* U{O};1<i<12 


[0,a,I] [0,a,,1] 


be a neutrosophic interval bisemivector space over the semifield 
S =Z* U {0} of infinite bidimension over S. 


We can define — subbistructures __ bibasis, linear 
bitransformation and linear bioperator, which is a matter of 
routine and left as exercise to the reader. 


Example 2.3.45: Let M = M, U Mp = {all 4 x 4 neutrosophic 
interval matrices with intervals of the form [0, a+bI] where a, b 
29 


e Zu {0}} u {Sioa oun 


i=0 


a,be Z 10) be a 


neutrosophic interval bisemivector space defined over the 
semifield S = Z* U {0}. Take W = W, U W> = {collection of 
all upper triangular 4 x 4 pure neutrosophic interval matrices 
with intervals of the form [0, al] with a € Z* U {0}} U 
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{Si al ]x' 


i=0 


aeZ* 10) cM; UM); 


W is a pure neutrosophic interval bisubsemivector space of M 
over the semifield S = Z* U {0}. Clearly bidimension of W is 
{10} U {13}. 


We can define pure neutrosophic interval subbisemivector 
spaces of M of bidimension less than or equal to {16} U {30}. 


We can also have pure neutrosophic interval bisemivector 
subspaces of bidimension {1} U {1}. We have several such 
bisemivector subspaces. 


We also can define quasi  neutrosophic _ interval 
semibivectors spaces over a semifield, this task is left as an 
exercise to the reader. We however give examples of them. 


[0, a, | 


[0,a, ] 


Example 2.3.46: Let V=V,; UV2= where a; € Z* 


[0, a, | 


U {0}; 1 <i <9} U {All 3 x 3 neutrosophic interval matrices 
with intervals of the form [0, a+bI], a, b € Z* U {0}} be a quasi 
neutrosophic interval bisemivector space over the semifield S = 
ZU {0}. 


Example 2.3.47: Let T = {({0, a,], [0, ao], ..., [0, ar]) aie Z 


U {0}; Sis 12}U {Sia 


i=0 


a, € Z* 10) be a quasi 


neutrosophic interval bisemivector space over the field S = Z* U 


{0}. 
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Example 2.3.48: Let 


21 
W=W,UW)= {Si al]x’ 


i=0 


ae Z’ v0] U 


al a,l 
a.l a,l 
> "| where a, € ZU {0}; 1 <i< 8} 
a,l a, 
a,l a,l 


be neutrosophic quasi interval bisemivector space over the 
semifield Z* U {0}. 


Example 2.3.49: Let 


12 
T=T;UT2= {Sue al]x' 
i=0 


ae Z v0 U 


a, a, a, Ay Ay 
a a, a a 

5 6 7 8 18 ; 

a,€ Z’ U{0O};1<i< 20 

ay, Ay 4, Ay Ay 


a13 aig Ais die Ax 


be a quasi neutrosophic quasi interval bisemivector space over 
the semifield Z* U {0}. 


Now having seen the quasi types of bisemivector spaces, the 
authors leave the task of studying these bistructures to the 
reader as it is simple and straight forward. Now we define 
neutrosophic interval semivector space set vector space V = V,; 
U V> over the semifield S = Z* U {0} as follows: V; is a 
interval semivector space over the semifield Z* U {0} and V; is 
just a set vector space over the same semifield Z” U {0} 
realized as a set we give examples of them. 
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Example 2.3.50: Let V=V,U V2= 


[0,a,I]  [0,a, I] [0,a,,I] 
0,a,I] [0,a,,I 0,a,1 
aH : hell ‘2 a, EZ U{0};1<i< 70} U 
[O,a,o1] [0,a91] [0,ao]] 

[0,a,1] 

[0,a,I 


(LO, ait], [0, acl, ..., [0, aral]) | 


[O,aIl] [0,c]] 

li bl] He, 
[0,a,,1] 

a, b, c, d, a;, € Z’ U {0}; | <i < 20} be a neutrosophic interval 

semivector space - set vector space over the semifield S = Z* U 


{O}. 


Example 2.3.51: Let 


45 
V=ViUW2= {0 al]x' 


i=0 


a, € Q* 10) U 


| [0,al] [0, bl] 
m [O.cl] [0.dl] ites 
S'10,al}x',) (Oe) (0,401 |, | Ble oot | ez 
= [0.a,1] ... (0,a.I] 

[0,gf] [0,hI) 

[[0,m1] [0, nT] 


U {O};a, aj, b, c, d, e, f, g,h, m,n, € ZU {0}; 1 Si< 12} isa 
neutrosophic interval semivector space - set vector space over 
the semifield Z* U {0}. 


We can define all properties associated with this bistructure 
also with appropriate modifications. 
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We can define all notions related with neutrosophic interval 
structures in case of neutrosophic interval bistructures which is 
very simple with straight forward modifications. This task is 
also left as an exercise to the reader. 


Let V = V, U V2 if V; is a semivector space of neutrosophic 
intervals over the semifield S and V2 is a neutrosophic interval 
of vector space over the field F; then we define V = V; U V> to 
be a special neutrosophic interval semivector - vector space over 
the semifield - field. 


We will illustrate this situation by some simple examples. 


Example 2.3.52: Let 
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V=ViUW2= {Sr al’ 


i=0 


ae Z v0] U 


[O,al] [0,bI] 
[O,cI] [0,dI] }a,b,c,d,e,f © Z,,,+ 
[O,el] [0, f1] 


be a special neutrosophic interval semivector - vector space 
defined over the semifield - field; Z* U {0} U Za. 


Example 2.3.53: Let 
5 
M=M,U Ma={ S100 


i=0 


a, be i} U 


i=0 


{ion a,be Q* v0] 


be a special neutrosophic interval vector space - semivector 
space over the field - semifield F = Fy U Fp = Z23 U Q* U {0}. 
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Example 2.3.54: Let V=V,U V2= 


[0,a,I] [0,a,I] .. [0,a,]] 
[0,a,.f] [0,a,0) ... [0,a,.1 
[0,a,,1] [0,a,,1] [0,a,1] 
[0,a,.1] [0,a,I] ... [0,a,.I] 


ae | 


be a special neutrosophic interval semivector space - vector 
space over the semifield — field; S = $; U S2 = (Q* U {0}) U Z,. 


a, € Q* U{0};1<i< 36} U 


{Sr al]x' 


Take W = W, U W2= 


[0.al] 0 0 0 0 (O,aI] 0 0 [0,a,1] 

[0,a,1] 0 0 0 O [0a] 0 0 0 : 
a € Q U 

[0,a,1] 0 0 0 O [0,a,] O O [0,a,1] 

[0,a,1] 0 0 0 O [0a,I] 0 0 0 


{O}; 1 <i< 10} U {Sioa 
i=0 


1<7,| cV,; UV, = V bea 


special neutrosophic interval subsemivector space - subvector 
space over the semifield - field (Q* U {0}) U Z,. 


Example 2.3.55: Let V = Vi U V2 = {All 5 x 5 interval 
matrices with intervals of the form [0, a] where a € Z3} U 


40 ; 
{0 al]x' 


i=0 


ae Z vi] be a special quasi neutrosophic 


interval vector space - semivector space over the field - 
semifield S = Z; UZ" U {0}. 


Example 2.3.56: Let T = T; U T2 = {All 5 x 10 matrices with 


entries from Z* U {0}} U {All 10 x 5 neutrosophic interval 
matrices with entries from Z,,I} be a special quasi neutrosophic 
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quasi interval semivector space - vector space over the semifield 
- field (Z* U {0}) U Zu. 


Example 2.3.57: Let P= P, U Po = 


al aI aI a,l 


al aI aI a,l 7 ran 
a,€ Z’ U{0};1S1<167 U 


1671 


be a special quasi neutrosophic quasi interval semivector space - 
vector space over the semifield - field; S = S,; US) =(Z* u {0}) 
on Zi3- 


al a,l a, a,, 


al ayl at al 


42 ; 
{Si a]x’ 
i=0 


All other properties can be derived for these bistructures 
with simple appropriate modifications without any difficulty. 
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Chapter Three 


NEUTROSOPHIC N-INTERVAL 
STRUCTURES (NEUTROSOPHIC INTERVAL 
N-STRUCTURES) 


In this chapter we introduce for the first time the new notion 
of neutrosophic n-structures and mixed neutrosophic n- 
structures and discuss various properties enjoyed by them. 


DEFINITION 3.1: Let S = S; US) UV... US, (n 23) where each 
S; is a neutrosophic interval semigroup such that S; 4S; if i #j, 
S; ZS; or 8; Si; 1 Si, j Sn. Then we define S to be an - 
neutrosophic interval semigroup or neutrosophic_n-interval 
semigroup or neutrosophic interval n-semigroup. 

We will give examples of them. 

Just we mention if n = 3 we can call them as neutrosophic 
interval trisemigroup or neutrosophic triinterval semigroup. 


Example 3.1: Let S = S; US2U S83 U Sy = {[0, al] la € Zs, x} 
U {[0, atbI] la, b € Z* U {0}, +} U {[0, atbl] la, be Zs, x} U 
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[0, al] 
[0, bI] 
[0, cI] 
[0, dT] 


a,b,c,de Z,,,+ 


be a 4-neutrosophic interval semigroup. 
Clearly S is commutative but of infinite order. 


Example 3.2: Let M =M, UM, U M3 U My U Ms U Mg = 
8 ; [O,al] [0,c]] 
{de al]x'jae z| U {i i a 

| (0, al] 
[0, bI] 
[0, cI] 
[0,d]I] 
[0, eI] 
| [0, £1] 


{({O, al], [0, bI + c], [0, dI]) | a, b, ce Z x} U {3 x 8 
neutrosophic interval matrices with intervals of the form [0, al] | 


eaee (0, al] a 
i Z45 +} U 


a,b,c,de 2. U 


a,b,c,d,e,fe Z.,t- U 


[O,d+elI] [0,bI] 0 


be a neutrosophic 6-interval semigroup of finite order. 

We can define n-substructures like n-ideals and n- 
subsemigroup. Also these n-semigroups can contain n-zero 
divisors, n-units, n-idempotents and so on. We will give some 
examples of them as the definition is a matter of routine. 


a,b,c,d,ee Za 


Example 3.3: Let T=T, UT2UT3= 
[O,al] [0,bI] 

{ream at 

{All 5 x 5 neutrosophic interval matrices with entries from Zyo, 

x} U {3 x 3 neutrosophic interval matrices from Z., x} be a 


a,b,c,de Za U 
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pure neutrosophic triinterval semigroup or pure neutrosophic 
interval 3 - semigroup. Consider S = S; U Sz U S83 = 


[O,al] [0,bI] 

[0,cI] [0,dI] 
{all 5 x 5 neutrosophic interval matrices with entries from {0, 
5} © Zio, x} U {all 3 x 3 neutrosophic interval matrices with 
entries from {0, 2, 4} CZ, x} CT; UT, UT3;=T; Sisa 
neutrosophic interval 3-subsemigroup of T. 


Further it is easily verified T has 3-zero divisors and 3 - 
idempotents. 


a,b,c,de 22. U 


20 
Example 3.4: Let P=P, UP2= {Si al]x' 


i=0 


ae Z* vi0)+| U 


{({O, al], [0, al], [0, al], [0, al], [0, al]) 1a e ZU {0}, x} U 
/ (0, al] 
[0, al] 
[0, al] Jae Z* U{0},+ be a_ neutrosophic _ interval 
[0, al] 
[| [0, al] 


trisemigroup. P has no zero divisors, no idemponents but has 
triideals and trisubsemigroup. 


Example 3.5: Let W=W, U W2U W3 U W, = {[0, al+b] | a, b 

€ Zp, +} U {[0, atbI] la, b € Zi5, x} U {([O, al], [0, at+bI] | a, b 
[0, al] 

€ Zs, X} U 4/[0,bI] | }a,b,ce Z,,+? be a neutrosophic interval 
[0, cI] 


4-semigroup of finite order. W has 4-ideals, 4-subsemigroups, 
4-zero divisors and 4 units. 

We define a neutrosophic n-interval semigroup to be a 
Smarandache neutrosophic n-interval semigroup if each 
semigroup S; in S = 8; US. U... US, is a Smarandache 
neutrosophic interval n-semigroup. 
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We will give examples of them. 


Example 3.6: Let V = V,; U V2U V3 U V4= {[0, al] la € Zp, 


hee Hel 
x} uU aeEZ,.xlsis4- uU {[0, al] lae 
[0,a,1] [0,a,1] 


Zis, X} U {((0, al], [0, bI]) | a, b € Zo, x} be the neutrosophic 


interval 4-semigroup. 
Consider P = {[0, I], (0, 111] | 1, 11 € Zp, x} U 


Ye [0,a,]] [0,a,1] 
| (0,a,1] [0,a,1] 
lae {0, 1} in Zi5} U {([0, I], [0, 81]), ((0, 1 (0,1), ([0, 81], [0, 
81]), (LO, 81], (0, IJ) 11, 8 € Zo, xX} is a neutrosophic 4-interval 


group, hence V is a Smarandache neutrosophic interval 4- 
semigroup. 


a,€ {L14}CZ,..xIAK 0 U {[0, al] 


Example 3.7: Let V=V, U V2 U V3= {[0, al] | ae Z* U {0}} 


[0, al] 


r [O,al] [O,al] ... [0,al] 
U <|[0,bI] }Jae Z Uf{O}- U bea 
[O,al] [O,al] ... [0,al] 
LO, cl] 


2 x 8 neutrosophic interval matrices with ae Z* U {0},+} bea 
neutrosophic interval trisemigroup. V is not a Smarandache 
neutrosophic interval trisemigroup. 

In view of this we have the following theorem. 


THEOREM 3.1: Let V = V; U V2 vu... UV, be a neutrosophic 
n-interval semigroup. In general every V need not be a 
Smarandache neutrosophic n-interval semigroup. 

Proof follows from the example 3.7 as that neutrosophic 
interval 3-semigroup is not Smarandache. We now proceed on 
to define quasi n-interval semigroups. 

Let V=V; U V2 U... U Va, if only some of V;’s are 
neutrosophic interval semigroups i < n_ and the rest just 
neutrosophic semigroups, we call V to be a neutrosophic quasi 
interval n-semigroup. 
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If in V = V; U.... U Vy, be such that some Vj’s are 
neutrosophic interval semigrousp j < n and the rest just interval 
semigroups then we define V to be a quasi neutrosophic n- 
interval semigroup. Let V = V; U V2 U ... U Vj be such that 
some V;’s are neutrosophic interval semigroups, some V;’s 
neutrosophic semigroups, some V,’s interval semigroups and 
the rest semigroups then we call V to be a quasi neutrosophic 
quasi interval n-semigroup. 

We give examples of these situations. 


Example 3.8: Let V=V,U V2 U V3 U V4U Vs = {[0, al] lae 
Zs, X} U {[0, atbI] la, be Z* U {0}, +} U {[0, al] lae Q*U 
{O}, +} U {(al, al, ., al) | aioe R* U {0}, x} U 
al a.I a,l 
a,l a,I a,I|ja,€Z,,,x,1<i<9- be a neutrosophic quasi 
al al a,I 


interval 5-semigroup. 


Example 3.9: Let V=V,U V2 U V3 U V4= 
{[0, allae R* vu {0}; x} U [[0, al]lae Q7U {0}} U 
{({0, al], [0, bI]) where a, be R* U {0}, x} U 
re [Ola] aes a 
[0,a,,] [0,a,,] .. [0,a,9] 


be a quasi neutrosophic interval 4-semigroup of infinite order. 


a,€ Zag 


Example 3.10: Let V = V, U V2 U V3 U V4 U Vs = 
{({O, atbl], [0, c+dI]) 1a, be R* U {0}, +} U 


a a a; 


5 Ag 
a ane 


where aj € R*U {0}, 4+; 1 <i<12}U 


Ain Ay yy 
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al aJ .. aI 


al a,I ... a,,l 
pees * |]ae Q* U{O},1<i< 48,4 
ars] ayl .. ay 
az] azl ... agel 


U {[0, a] la € Zp, x} U {Sito 
i=0 


ae Z| be a quasi 


neutrosophic quasi interval 5-semigroup. 

All properties related with neutrosophic interval n- 
semigroups, quasi neutrosophic interval n-semigroups and for 
other related n-structures can be easily extended, studied and 
defined with simple modifications but with appropriate 
working. 

Now we proceed onto define Neutrosophic interval n- 
groupoids. 


DEFINITION 3.2: Let G = G; UG) vu... UG, be such that each 
G; is a neutrosophic interval groupoid (I Si Sn) and each G; is 
distinct that is G; ¢ G;, G; ZG; if i #j. We define G to bea 
neutrosophic interval n-groupoid with the component wise 
operation is the operation on G. 

We will give examples of them. 


Example 3.11: Let L=L,; UL, UL3 UL4= {[0, al] la € Zo, *, 
(2, 7)} U {[O, atbI] | a, b € Zi, *, (6, 2)} U {[0, al] la € Za, 
(11, 12), *} U {[O, al] la € Zy4, (8,15), *} be a neutrosophic 
interval 4-groupoid of finite order. 


Example 3.12: Let M = M; U Mp U M3 U My U Ms = 


20 . 
{30 al]x’ 


i=0 


ae Z.8013)| U {({0, al], [0, d+cl], [0, bI]) | a, 


[0,a,T] 


[0,a,1] 


b, C, de Zi, % (3,2)} a; € Z,,,*,(7,3) 


[0,a,I] 
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[0,a,I] [0,a,1] [0,a,]] 
U4|[0,a,T] [0,a,1] [0,a,I] | }a, € Z,,,(3,7),*- U {[0, a+b] | 
[O,a,I] [O,a,1] [0,a.1] 


a, b € Zs, (2,3), *} be a neutrosophic interval 5-groupoid. We 
will show how the operation on M is done. Let x, y € M where 


X =X; UX, UX3 U X4 U Xs = {[0, S5I]x + [0, 2T]x” + [0, 41]} U 
/ (0,1) 
0 
[0, 21] 
0 
((O, 20, (0, 2431], [00 Vv (0.51 
0 
0 
| [0, 31] 
0 [0, 1] 0 
[0, 21] 0 [0, 31] 
U {[0, I1+4]} and 
0 [0, 41] 0 


[0,51] 0) 0 
Y=yiUy2U ys U ys Uys = ((0, 7H] + [0, 31] x*) U ©, 0, [0, 


0 
0 
0 0 0 0 
6I]) U 4 U : olen U {[0, 3+2I]}. 
[0,1] [0,21] 0 0 
0 0 [0,31] 0 
0 
| [0,21] 
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Now x * y = ({0, SI] x = [0, 21x’ + [0, 4I]). (L0, 7] + [0, 31] x*) 


[0,1] 0 

0 0 

[0,21] 0 

U ((0, 21), [0, 2#31}, (0,1) x 0, 0, 10,6}? f+]? 

[0,51]| | (0,1 

0 0 

0 0 

[(0.301}  |[0.1) 
0 [Ol oO 0 0 Oo 
(0.21 0 [0.30] || 0 0 [0,1] 
0 [0,4q] 0 [0.21] 0 0 
[0.51] 0 0 0 [0.31] 0 


[0,441] x [0, 3421] 


= ({0, 51] * [0, 71] x + [0, 21] * [0, 7I]x” + [0, 41] * [0, 71] + [0, 
51] * (0, 31] x° + [0, 21] [0, 31] x'° + [0, 41] [0, 31] x*) v (0, 21] 
[0, 1] *0 
0*0 
[0, 21] *0 
0*0 
[0,51] *[0, 1] 
0*0 
0*0 
| [0,31] *[0, 1 


* 0, [0, 2+3I] * 0, [0, I] * [0, 6I]) U 


0*0 [0,1] *0 0*0 
[0,210*0 O*0 = [0,31]*[0,1] 
O*[0,21] [0,41]*0 0*0 
[0,51]*0 0*[0,30] 0*0 


U [0*0, [4+1]* (3+2D] 
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= [0,6I]x + [0,25I]x? + [0, 391] + [0, 34I]x° + [0, 231] x!° + (0, 
61], [0, 6+2I], [0, I]) 


[0,71] 
0 
[0,31] 0 [0,31] 0 
0 [0, 61] 0 [0,1] 
U U U [0, 24+3T]] €e M; U M> 
[0,51] [0,141] [0,121] 0 
0 [0,0] [0,61] 0 
0 
| LO, 21] 
UM3;UMy4U Ms. 


Example 3.13: Let V=V,;U V2U V3= 
[O,a, + b,1] 
[0,a, +b, 1] 


20 : 
{Si a+blI]x’ 


i=0 


a,be Z vi0).0.8- U 


[0,a,, +b, 
where a, b; € Z U {0}; 1 <i < 40, +, , 41), *} U 
[0,a,+bJ] [0,a,+b,I] ... [0,a, +b.1] 


[O,a,+b.] [0,a,+b,.] ... [0,a,,+b,1] 
. ; . : where aj, b; 


(O,a4,+ Dal] [0,ag +b, 1]... [O,ays + bysI] 


€ Z* U {0}; 1 <i < 45, (9, 41)} be a neutrosophic interval 3 - 
groupoid} of infinite order. V contain 3 - subgroups which are 
not 3 - ideals. V also contains 3-ideals. V has no 3-zero 
divisors and no 3-units. 

Now having defined neutrosophic interval n-groupoid we 
can proceed onto define quasi structures as in case of n- 
semigroups. 

Let V=V, U V2 U V3 U... U Vy where some of the V;’s 
are neutrosophic interval groupoids and the rest are just interval 
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groupoids, then we define V to be a quasi neutrosophic interval 
n-groupoid. 

Let V = V; U Vo U ... U Vy, where some V;’s are 
neutrosophic interval groupoids i < n and the rest of the 
groupoids are just neutrosophic groupoids. Then we define V to 
be a neutrosophic quasi interval groupoid. Take V = V,; U V2 U 

. U V,, where some V;’s are (i<n) neutrosophic interval 
groupoids, some V;'s are neutrosophic groupoids (j<n) some 
V;’s are interval groupoids k<n and the rest are groupoids then 
we define V to be a quasi neutrosophic quasi interval groupoid. 

We will illustrate all these situations by some examples. 


Example 3.14: Let V=V, U V2U V3 U V4U V5 = 


i=0 


{dea al]x' 


ae 2.82.5) U 


{({0, ai], [0, aa], ..., [0, aiz]) 1a € Zo, *, (6, 3)} U 


[0O,a,+b JI] [0,a,+b,I] [0,a, +b,]] 
[(0,a,+b,0 ([0,a,+b,I] [0,a,+b,0 
: ; where a;, b; € 
[0,a.,+b,,1] [0,a) +b, 1] [0,a;) +b,,1] 
Zaz *, (40, 7)} U 

[0,a,] [0,a,] [0,a,;] [0,a,] 

0, 0, 0, 0, 

[0,a5] [0,a,] [0,a,] [ asl He Zoe (T 1D 5 

[0,a,] [0,a,,] [0,a,,] [0,a,,] 


[0,a,;] [0,a,,] [0,a,;] [0,a,6] 
[0,a, +b] 
[0,a, +b,]] 
: a; ,b; € Zsq,*,(2,7) 
[0,a, + b,I] 


be a quasi neutrosophic interval 5-groupoid of finite order. 
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Example 3.15: Let V=V, U V2 U V3U V4= 
{[0, atbI] la, b € Zo, *, (8,11)} U 


pa 
i=0 


ac Zn 1D} U 


| a,l 
a,] 
1<i< 20,*,(5,14)- U 


a,I jla; € Z,,, 
| Asol 

{([0, a,+bj]] tee [0, aio + biol]) | ai, bj € Zi9, % (7, 11), lsis 
10} be a neutrosophic quasi interval 4-groupoid of finite order. 


Example 3.16: Let V=V,; U V2 U V3 U V4 U Vs U Vo = {[0, 
atbI] | a, b € Zap, *, (3, 13)} U {[0, a] la © Zao, *, (2,17)} U 


[Save 


i=0 


ac 22.0030] U 


a Aa, a, ay as 


no A «63 Ay As | J; © Z,,,.*,(3,8), 1SiS25¢ U 


ay) Ayo a43 Ans ays 

[0,a,I] [0,a,I] [0,a,1] [0,a,I] 

[0.2.1] [0,a,1] [0,a,1] [0,a,I] ||a,e Z,,1<i<12,(7,23),* 
[O,a,1] [0,a, 1] [0,a,,1] [0,a,,]] 


U {Sax 
i=0 


be a quasi neutrosophic quasi interval 6-groupoid of finite order. 

All properties discussed and described with neutrosophic 
interval bigroupoids can be derived in case of neutrosophic 
interval n-groupoids (n = 3) and obtain a class of neutrosophic 
interval n-groupoids which are Smarandache strong Bol 


a; € Za.%(2.0)} 
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(Moufang or P-groupoid or idempotents, alternative and so on). 
Further all these results can also be extended as in case of quasi 
n-structures. These are left as exercise to the reader. 

We define mixed neutrosophic interval (t, r) groupoid - 
semigroup. Let V= Vi U V2 U ... U V, if t of the V;’s are 
neutrosophic interval t-groupoid and the rest of the n-t = r of the 
V;’s are neutrosophic interval r-semigroups then we define V to 
be a (t, r) mixed neutrosophic interval groupoid - semigroup or 
mixed neutrosophic interval t - groupoid - r - semigroup or 
mixed neutrosophic (t, r) groupoid - semigroup. We will give 
examples of them. We can also define quasi mixed structures. 


Example 3.17: Let V=V,U V2U V3U V4U Vs U Vo = 


{Seton ac 20,0. U {Sion 


= i=0 


ae 2} U 


[0a] (Oasl} .. [0a 
Oa,1]} [Oat]... [Oagl 
PD) IN EIT ot ge Gres 28 100; 
[OyagL] [0,1]... [0,2 oI 


x} U {([0, al], sees [0, aol ]) | aj €E Zi, a (3,2)} U {All 7 x 8 
neutrosophic interval matrices with intervals of the form [0, al] 


[0,a,]] 


[0,a,1] 


with a € Za, *, (19, 13)} U a; € Z,<,*,(12,13)¢ be 


[0, a, 1] 


a mixed neutrosophic interval (4,2) groupoid - semigroup or 
mixed neutrosophic interval 4-groupoid-2-semigroup. 


Example 3.18: Let G = G, U G U GU G U Gs = 


{30 al]x' 


i=0 


ae 2,.71020| U {({0, al], [0, bI], [0,cI]) | a, b, c 
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[0,a, +b, 1] 


[0,a, +b,1] 


E Zio, *, (3,11)} U a,.b, € Z,7.*%1Si <9; (9,6) 


[0,a, +b,I] 


[0,a,]] [0,a,I] [0,a,1] 
U [O,a,I] [0,a,I] [0,a,I] Ja; € Z,,,*,.(5,7) U 
[0,a,I] [0,a,1] [0,a,1] 


{dea ale 


i=0 


aeZ v0} be a mixed neutrosophic interval 


(4,1) - groupoid - semigroup of infinite order. 

Now having seen examples of mixed neutrosophic interval 
(r,t) groupoid - semigroups we can introduce the quasi n- 
structure in them as in case of other n-structures. We will give 
examples of them which show how they are built and how they 
function. 


Example 3.19: Let M = M; U Mo U M3 U Ma U Ms U Mg = 
{[0, a] |a e Z, *, (3, 6} U {[0, al] |a © Zu, x} VU 
[0,a,] [0,a,] 
[0,a,;] [0,a,] 
[0,a,] [0,a,] 
[0,a,] [0,a,] 
asl], [0, agI]) la; © Zi, *, (3, 11), 1 <is4}U 
(0,a, +b] [0,a,+b,1] 

{ine +b,]] [0,a,+ ie 


a, € Zi, t1<is8$ U {((0, ail}, [0, acl], [0, 


a,,b;€ Za} 


[0,a, +b, 


[0,a, +b,1] ; 
; a,,b; € Z,.,(3,11),*,1<1<12 


[0,a,, +b,,T] 


be a mixed quasi neutrosophic interval (3,3) groupoid - 
semigroup of finite order. 
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Example 3.20: Let T=T, UT2U... UTs= {[0, a] lae Zp, 
[0,a,I] 


[0,a,1] 
x} u {[0, a+bI] la, be€ Zip, (3, 5), *}U ‘ 


a; € Z,,,+ 
[0,a,1] 


[0,a,+bI] ... [O,ay +b,1] 
[O,a,+b,I] ... [0,a,,+b,,1] 


a,be Z0utn} U 


[0,a,] [0,a,] [0,a;,] [0,a,] 
[O,a;] [0,a;] [0,a,] [0,a,] 
[O,a,] [0,a,,] [0,a,,] [0,a,,] 
[0,a,;] [0,a,,] [0,a,5] [0,a¢] 


20 : 
{30 al]x' 
i=0 


a,é Z,,,%1<i<16 U 


ae Z| U {((0, ai+biI] [0, a.tbI], [0, a3+b;I]) | 


7 
ai, bi € Zp, (0, 7), *} U {Dios 
i=0 


ae 2 be a mixed 


quasi neutrosophic interval (5,3) semigroup - groupoid of finite 
order. 


Example 3.21: Let V=V,; U Vo U V3 Uw. U VW 


12 ‘i 

ms ps a,Ix'la, € Z| U {Bios 
i=0 i=0 

la, b © Zo, (11, 0), *} U 


[0,a,+b I] [0,a,+b,]] 
[0,a,+b,I] [0,a, +b,]] 


a, € Z| U {[0, al+b] 


a,,b; € Z,,,(0,5),*- U 
[0,a,,+b,I] [0,a,, +b,,1] 
al a,I a,l 


al aI aI }jaeZ,.,x- U {([0, ail], ..., [0, arol]) 1 aj € 


al aI al 
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Zio, (11, 7), *} U {Zool, *, (O, 11)} be a mixed neutrosophic 
quasi interval (3, 4) semigroup - groupoid of finite order which 
is non commutative. 


Example 3.22: Let M=M,;U M2) VU... UMs= {Zaol, *, (7, 8)} 
U {Zal, x} U {[0, atbI] | a, b € Zyo, *, (3, 11)} U {all 5 x 5 
matrices with entries from Z4oIl under matrix multiplication} U 
{all 3 x 7 neutrosophic interval matrices with intervals of the 
form [0, al] where a € Zy and (1, 29), *} be a mixed 
neutrosophic quasi interval (3, 2) groupoid - semigroup of finite 
order which is non commutative. 


Example 3.23: Let P=P, UP. U... UPo= 


12 27 
{Stoa-+one a,be Z| U {Zinare 


i=0 i=0 


ae Z| U {Zi5, 


* (3, 9)} U {ZisI, (4, 0), *} U {7 < 7 neutrosophic interval 
matrices with intervals of the form [0, a+bI] with a, b € Z, 
under matrix multiplication} U {all 3 x 7 matrices with entries 
from Z,, *, (O, 7)} U {([O, atbI] | a, b € Zog, (7, 8), *} LU {([O, 
ai], ..., [O, aro]) | ai € Zy1, x} U {all 5 x 5 matrices with entries 
from Zi2, x} be a mixed quasi neutrosophic quasi interval (5, 4) 
semigroup - groupoid of finite order. 


Example 3.24: Let M = M; U M vu... U M, = 


20 8 
{Sion ae Z| U {Bax 
i=0 


i=0 = 


a; € Z| U {[0, at+b]] Ia, 


b € Zp, (9, 0), *} U {Zis, 1, 4, *} U {all 4 x 4 interval 
matrices with intervals of the form [0, a] with a € Z,, under 
matrix multiplication} U {3 x 6 interval matrices with intervals 
of the form [0, a] a € Z,, (2, 5), *} U {[0, atbI] | a, b © Zio, x} 
be a mixed quasi neutrosophic quasi interval semigroup - 
groupoid of finite order. 

Now having seen examples of these mixed structures one 
can define Smarandache mixed neutrosophic interval n- 
structures, sub n-structures, n-ideals, n-units and n-zero divisors 
and their Smarandache analogoue with simple appropriate 
modification all these tasks are left to the reader. 
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Now we proceed onto define neutrosophic interval n- 
groups, describe their quasi analogue and mixed n-structures. 


DEFINITION 3.3: Let G = G; UG) VU... UG, (n = 3) be such 
that each G; is a neutrosophic interval group with G; ¢ G; or G; 
ZG ifi ¢j; 1 Si, j <n. G with the inherited operations from 
each G; component wise is defined as the neutrosophic interval 
n-group or neutrosophic n - interval group. 

We will illustrate this situation by some examples. 


Example 3.25: Let G=G;U Gi UG; U Gi = {[0, al] la € Zis, 
+} U {[0, atb]] | a, b € Zyo, +} U {[0, al] la e Zs \ {0}, x} U 
{{0, al] |a © Za; \ {0}, x} be the neutrosophic interval 4-group 
of finite order. We can define 4 order as 15 x 19 x 4 x 42. 


Example 3.26: Let G = G; U G) UG; = {[0, al] lae Q*, x} U 
{[0, atbI] | a, b © Zs, +} U {[0, al] la © Z53 \ {O}, x} bea 
neutrosophic interval 3-group or neutrosophic interval trigroup 
of infinite order. 

It is both important interesting to note that all results 
regarding finite groups are true in case of neutrosophic interval 
n-groups of finite n-order. That is to be more specific, 
Lagrange’s theorem, Cayley theorem, Cauchy theorem and 
Sylow theorems are true in case of finite neutrosophic interval 
n-groups. 

The proofs of these theorems are also straight forward and 
simple and hence left as an exercise to the reader. 


Example 3.27: Let G=G,; UG. UG; U Gy = {[0, al] la € Ze, 
+} U {[0, al] la e Z,\ {0}, x} U {[0, al] la e Z)3\ {0}, x} U 
{{0, al] | a € Zio, +} be a neutrosophic interval four group of 
order 5460. 


Consider H = H; U H2 U H3 U Hy = {[0, al] la € {0, 2, 4}, 
+} U {[0, al] lae {1,6} CZ, \ {0}, x} U{f[O, al] lae {1, 12} 
CZi3\ {0}, x} UL {[0, al] lae {0, 2, 4, 6,8} CZ, +} CGiU 
Gy U G3 U Gy, be a neutrosophic interval 4-subgroup of G. 
Clearly 0 (H) = 3 x 2 x 2 x 5 = 60 and 60 / 5460. 
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Thus we can say Lagrange’s theorem for finite group is true 
in case this finite interval n-group G = G; U Gp U G; U Gi. 
Likewise all results can be verified and proved. We say if G = 
Gi UG U ... UG, is such that some G;,’s are neutrosophic 
interval groups and the rest just neutrosophic groups then we 
define G to be a neutrosophic quasi interval n-group. Also if G 
=G,UGvU... UG, bea n-group such that some of the G;’s 
are neutrosophic interval group and the rest just interval groups 
then we define G to be a quasi neutrosophic interval n-group. 
Suppose G = G; UG, U ... U G, be a n-group in which some 
G;’s are neutrosophic interval group some G;’s are neutrosophic 
groups the rest interval groups or groups then we define G to be 
a quasi neutrosophic quasi interval n-group. We give some 
examples of them. 


Example 3.28: Let G = G, U G) UG; U G4 U Gs = {[0, al] | a 
€ Zia, +} U {[0, a] la © Zis, +} U {Zio I\ {0}, xX} U {QL +} U 
{R \ {0}, x} be a quasi neutrosophic quasi interval 5-group of 
infinite order. 


Example 3.29: Let H =H; U H,U H3 U Hy = {[0, al] la € Zp, 
+} U {[0, a] la e Zi3\ {O}, x} U {ZysI, +} U {[0, al] la € Zr, 
+} be a quasi neutrosophic quasi interval 4-group of finite order. 


Example 3.30: Let G=G, UG VU... UGs = {[0, al] la € Zis, 
+} U {([0, ail], sees [0, asl]) | ay € 207; +, 1 < i S 5} U {([0, ai], 
[O, as], ..., [O, ao] | a © Zy \ {O}, 1 Si $< 9, x} U 


[0, a, 1] 
: a, €Z,31Si<5,+¢ U {to 


a,€ Z+} be a 
[0,a51] 


quasi neutrosophic interval 5-group of finite order. 


Example 3.31: Let S =S, US. U 83 U Sq = {[0, al] la € Zuo, 
+} U {Zosl, +} U {(ar, ..., ai) | ai © Zool \ {O}, x } U 
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Ee 
(de al]x'jae Z| be a neutrosophic quasi interval 4-group 


i=0 


of finite order. 

We can define mixed structures like n-group - groupoid n- 
group - semigroup and n-group - groupoid - semigroup. We 
give only one example of each as it is simple and direct. 


Example 3.32: Let G = G; U Go U G3 U Gy U Gs U Ge = {[0, 


10 
al] | « € Zig XK} {Sioa a;€ Zn - 


i=0 
[0,a,] 

a, € Z,),1<i<10,+- U {all 10 x 10 neutrosophic 
[0,a,,1] 


interval matrices with intervals of the form [0, a+bI] with a, b € 
Ze under matrix multiplication} U {[0,a+bI] | a, b € Zis, xX} U 


[O,al] [0,bI] ai 
[O,cl] [0,dI]| 


neutrosophic interval (3, 3) semigroup - group of finite order. 


sede Z.Abox} be a mixed 


Example 3.33: Let G= G, UG) U G3 U Gy = 


20 ; 
{S, a, Tx’ 


i=0 


a,€ 2+} U {[0, al+b] la, b © Zao, *, (0, 1D} U 


[0,a,]] 
[0,a,0] 


a,€ Z,,,+, 151597 U 
[0,a,1] 
[0O,al] [0,bI] 
[0,cI] [0,dI] 
be a mixed neutrosophic interval (2, 2) group - groupoid of 
finite order. 


a,b,c,de 2,103) 
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Example 3.34: Let G=G,; 1G.UG3U ... UG7= {([0, al] la 
€ Zu, +} U {[0, ar], ..., [0, ayal]) | aj € Zao, *, (3, 7), 1 S18 
12} U {[0, at+bI] | a, b € Z)., x} U {([0, ail], ..., [0, arsf]) lay € 
Z43 \ {0}; 1 <i< 15, x} U {[0, atbl] | a, b © Zoo, *, (8, 11)} U 
{All 15 x 15 neutrosophic interval matrices with intervals of the 
form [0, al] with a € Zs» under matrix multiplication} U 


[0, a, 


[0,a,1] . . : 
. a,€Z,.,+,1<i<12+ be a mixed _neutrosophic 


[0, a,)1] 


interval (3, 2, 2) group - groupoid - semigroup. 

Quasi n-structures can also be defined and analysed by the 
interested reader. Also all results can be proved with direct and 
simple modifications some of these mixed structures are also 
non associative . We now define n-loops using neutrosophic 
intervals and give examples of mixed n-structures using loops. 


DEFINITION 3.4: Let L = L, UL, vu... UL,, be such that each 
L; is a neutrosophic interval loop where L; ZL; Lj CL, i Aj, 1 
Si, j Sn; on L with the inherited operation from each L;; 1 Si S 
n. We define L to be a neutrosophic interval n-loop. 


Example 3.35: Let L=L; UL, UL; UL4 ULs = {[0, alJlae 
{e, 1, 2, ..., 29}, *, 9} U {[0, at+bI] la, be fe, 1, 2,..., 31}, 8, 
*} U {[0, al] lae f{e, 1, 2, ..., 29}, 19, *} U {[0, atbl] lae {e, 
1, 2, ..., 49}, 9, *} U {[0, atbI] | a, b € Zs, *, 3} be a 
neutrosophic interval 5-loop of finite order. 


Example 3.36: Let L=L; UL: UL; = {[0, at+bl] la, b € fe, 1, 
2, ..., 17}, 9, *} U {[0, al] lae {e, 1, 2, ..., 45}, 23, *} U {[0, 
atbI] la, be {e, 1, 2, ...,57}, 29, *} be a neutrosophic interval 
3-loop. 

Clearly L is a commutative 3-loop. 

It is pertinent to mention here that all properties studied and 
described on neutrosophic interval biloops can be extended to n- 
loop without any difficulty. We can define quasi n-structures as 
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in case of groups, semigroups etc. This task is also left for the 
reader as an exercise. 
However we supply a few examples. 


Example 3.37: Let L=L;UL,U... ULe = {[0, al] lae fe, 
1, 2, .., 27}, 8, *} U {[0, al+b] la, be fe, 1, 2, ..., 43}, 25, *} 
U {[0, a]llae {e, 1, 2, ..., 25}, 8, *} U {[0, al] lae fe, 1, 2, 
wo. 53}, 28, *} U {[O, al+b] la, b © fe, 1, 2, ..., 29}, *, 12} U 
{[0, a] ae fe, 1, 2, ..., 23}, 8, *} be a quasi neutrosophic 
interval 6-loop of finite order. 


Example 3.38: Let L=L,; UL, UL; Uluu... UL, = {[0, 
a+bI] la, be fe, 1, 2, ..., 23},9, *} U {alla e€ {e, 1, 2, ...., 
29}, *, 23} U fallae {e, 1, 2, ..., 49}, 9, *} U {[0, al] lae 
fe, 1, 2, ..., 81}, 41, *} U fallae fe, 1, 2, ..., 25}, 13, *} U 
{[0, atbI] | a, b € {e, 1, 2, ..., 7}, 3, *} U {[0, al]Jlae fe, 1, 2, 
..-, 17}, 9, *} be a neutrosophic quasi interval 7-loop of finite 
order. 


Example 3.39: Let L=L,; UL. U... ULs = {[0, aJlae fe, 1, 
2, ..., 29}, 23, *} U {LB} U {[0, alt+b] 1a, b € {e, 1, 2, ..., 
57}, *, 5} U {allae {e, 1, 2, ..., 19}, *, 8} U {[0, atbl] la, b 
€ {e, 1,2, ..., 21}, *, 11} be a quasi neutrosophic quasi interval 
5-loop of finite order. 

We can also define mixed n-structures. We only give 
examples of them. 


Example 3.40: Let L=L; UL, UL; ULs ULs U Lo = {[0, al] 
lae Zoo, +} U {[0, atbI] la, be fe, 1,2, ..., 23}, *, 9} U {[0, 
atb]] la, b € Zs, +} U {[0, atbI] la, be fe, 1, 2, ..., 27}, *, 
11} U {[0, al] la € Z 3 \ {0}, x} VU {[0, al]llae {e, 1, 2, ..., 
65}, *, 3} be a mixed neutrosophic interval (3, 3) loop-group 
of finite order. 


Example 3.41: LetM=M,;UM)VU...U Ms= {[0, atbI] | a, 
be {e, 1,2, ..., 23}, 8,* } U {[0, atbl] la, be Z3, x} U {[0, 
al]lae fe, 1,2, ..., 17}, 9, *} U {[0, aitbiT], ..., [0, agtbsl] | 
ai, bi € Zyo, *, 9} U {all 6 X 6 neutrosophic interval matrices 
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with intervals of the form [0, a+bI] where a, b € Zs under 
matrix multiplication be the mixed neutrosophic interval (3, 2) 
loop - semigroup. 


Example 3.42: LetT=T,UT2U... UTs = {[0, al] lae fe, 
1, 2, ..., 27}, 8, *} U {[0, al] la © Zas, *, (9, 8)} U {[O, al + b] | 
a, be {e, 1, 2,..., 43}, *, 9} U {[0, al], ..., [0, ayl] | ay € Za9, 
(3, 7), *, 1<is 12} U {(0, aj], ..., [0, acl]) la; e fe, 1, 2, ..., 
23}, *, 8, 1 <1 < 6} be a neutrosophic interval (3, 2) loop - 
groupoid of finite order. 


Example 3.43: Let L=L; UL, UL3 VU... ULg = {[0, a+b] | 


10 
a, be {e, 1, 2, ...,29},9, *} U (Sioa 


i=0 


ae Z| U {((0, 


al], ..., [0, aiol]) la; € Zis, 1 <1 < 10, x} U {((0, ail], ..., [0, 
aj2l]) where a; € Zi7, (8, 9), *) U {(L0, ail], ..., [0, arol]) lai € 
Zi7\ {0}, X} U {([O, ail], ..., [0, arl])'laje {e, 1, 2, ..., 23}, 9, 
*} U {all 3 x 3 neutrosophic interval matrices of the form [0, 
at+bI] where a, b € Zi. under matrix multiplication} U 


{dea a+ bI]x’ 


i=0 


a,be Z” 10} U {[0, al] lae fe, 1, 2, ..., 


47}, 25, *} be a mixed neutrosophic interval (3, 2, 3, 1) loop - 
group - semigroup - groupoid of infinite order. 

Now we can study the substructures of these mixed n- 
structures. Further quasi n-structures can be defined and 
described by the reader. 

Now we can define n-rings. 


DEFINITION 3.5: Let R = R; UR VU... UR,, where each R; is 
a neutrosophic interval ring such that R; Z Rj or Rj ZR; if i 4), 
I Si, j Sn. R inherits the operation from each R; carried out 
componentwise. R is defined as the neutrosophic interval n- 
ring. 

We give examples of them. 


Example 3.44: Let R= R; UR: UR; U Rg URs = {[0, al] la 
€ Los, eke x} U {[0, at+bI] | a, b € Zaq, se x} Uf{({0, ail], [0, adl], 
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..+ (0, agl]) | a; € Zso, +, x, 1 $i <8} LU {([0, a; + biT], [0, az + 
bol], [0, a3+bs3I]) la € Zo, + X 1 <1 3} U 


= [0, al] 


i=0 


aEZ ovtx| be a neutrosophic interval 5-ring. 


Example 3.45: Lett R = R, U R, VU Rs U Ry = 
[O,a,I] [0,a,1} [0,a,]] 
[0,a,1] [0,a,1] [0,a,1] |]a, eZ 
[O,a,I] [O,a,I] [0,a,1] 

a,I+b,], [0, asl + bz], [0, asl + bs], [0, ag], ba], [0, asl + bs]) | aj, b; 


pL S15 9,4+,X uU {(0, 


é Zi, 1 $i<5,+, x} U {Zio 


i=0 


a, € Zar+X| U {[0, al+b] | 


a, b € Zig, +, X} be a neutrosophic interval 4-ring. R has zero 
divisors. R is a Smarandache 4-ring. R has idempotents and 
units. 


Example 3.46: LetS =S; US,US83;US,U Ss = {[0, al] lae 
Zig, X, +} U {[0, al] la € Zi7, +, x} U {[0, al] la € Zy, +, x} 
U {[0, aI] la e Z, +, x} VU {[0, al] la € Zz, +, x} bea 
neutrosophic interval 5-ring. S has no 5-zero divisors or 5- 
idemponents. Infact we call S a neutrosophic 5-field. 


THEOREM 3.2: Let R= R; UR; UR; VU... UR, = {[0, aJlae 
Z,+, xX} Uff0O, adJlae Z,+, x) vu... Ufl0, al] |ae 


Py’ Pr? 


4, , +, X} where pj, P2, ...) Pn are n-distinct primes. R is a 


neutrosophic interval n-field. 
The proof is direct and hence left as an exercise to the 
reader. 


THEOREM 3.3: Let R= R,; UR; UR; VU... UR, = [[0, aJlae 
Zig 5 A OG CLO, GIN BE Zn te 0G Ce COA Ne B,, 


n? 
+, x} where nj, ..., Ny are n-distinct composite numbers of the 
form 2p; = n; i = 1, 2, ..., n. Ris a Smarandache neutrosophic 
interval n-ring. 
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This proof is also direct and hence left as an exercise to the 
reader. 

Note T = {[0, pi], [0, OJ} U... U {[0, pal, [0, OJ} CRisa 
neutrosophic interval n-field hence T is a Smarandache 
neutrosophic n-ring. 


Example 3.47: Let S =S,; US. U S83 U S4U Ss = {[0, al] lae 
Zo, X, +} U {[0, al] la € Zio, +, x} U {[0, al] lae Zy4,4+,x}U 
{[0, al] la € Zp, +, x} U {[0, al] la € Zo, +, x} be a 
neutrosophic interval 5-ring. S is a Smarandache neutrosophic 
interval S5-ring. P= Py UP» UP3 U Py U Ps = {[0, 31], 0, +, x} 
U {0, [0, 31], +, x} U {[0, 71], 0, +, x} U {[0, 11I], 0, 4+, x} U 
{{0, 131], 0, +, x} CS is a neutrosophic interval 5-field; hence S 
is a Smarandache neutrosophic interval 5-ring. 


Example 3.48: Let R=R,; UR2:U R3U Ra = {[0, al] la e Zp, 
+, x} U {[0, al] la € Zs, +, xX} U {[0, al] la e Zp, +, x} U 
{[0, al] |a € Zee, +, x} be a neutrosophic interval 4-ring. R is a 
Smarandache neutrosophic interval 4-ring. For T = T; UT: U 
T; U Ta = {[0, 41], [0, 80, 0, +, x} U {[0, 101], [0, 201], 0, +, x} 
U {[0, 141], [0, 281], 0, +, x} U {[0, 221], [0,441], 0,+,x} CR 
= R,; UR. UR; U Ry is a neutrosophic interval 4-field. So R is 
a Smarandache neutrosophic interval 4-ring. 

We can define in case of neutrosophic interval n-rings the 
notion of n-subrings and n-ideals. This task is simple and hence 
left as an exercise to the reader. 


THEOREM 3.4: Let S = S; U Sp US3 U... US, = {[0, al] |a € 
Z,4+,xX) Uff0, alJlae Z,,4+, x) uv... Uff0, aj lae 


Pi’ Pr? 


Z,,. +, X} be a neutrosophic interval n-ring where p;’s are 


primes for j=1, 2, ....n. S has no n-ideal and no n-subrings. 
The proof is direct and hence is left as an exercise to 
the reader. 
The major hint to be taken is that each S; = Ze, so is a field. 


We cannot get using these types of neutrosophic intervals a 
ring of characteristic zero. 
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However we can find polynomial neutrosophic interval 


rings of the form >°[0,a,1]x' or >'[0,a; +b I]x' where aj, b; € 
i=0 i=0 

Zn, 1 < 00. We also can get the neutrosophic interval matrix ring 

using square neutrosophic interval matrices, the later ring is non 

commutative. Almost all properties can be derived without any 

difficulty in case of these neutrosophic interval n-rings. 


Example 3.49: Let S =S,; US, US83US4U Ss U Sg 


= {Zio +b, I]x' 
i=0 


a,,b,€ Zot U {All 2 x 2 neutrosophic 


intervals of the form [0, a+bI] where a, b € Zio, +, x} U {([0, 
al], [0, aol], ..., [0, awl] | ai © Zis, +, xX; 1 Si < 12} U 


{Sioa 


i=0 


a; € Zt x| U {[0, atbI] la, b € Z35, +, x} U {5 


x 5 upper triangular neutrosophic interval matrices with 
intervals of the form [0, a+bI] with a, b in Z4o, +, x} is also a 
neutrosophic interval 6-ring of infinite order. This ring has 6- 
ideals, 6-subrings, 6-zero divisors and 6-units. 

We can also define quasi n-rings as in case of other n- 
structures. We give one of two examples before we proceed to 
define n-semirings. 


Example 3.50: LetS =S,;US2US3U S4 = 
>» 104, +b,]]x' 
i=0 

{ios 


a,,b,€ Zt U 


a,€ Zax U 
i=0 
{all 5 x 5 neutrosophic interval matrices with intervals of the 
form [0, atbI]; a, b CG Zj under matrix addition and 
multiplication} U {all 7 x 7 lower triangular interval matrices 
with intervals of the form [0, a] with a € Zag, +, X} be a quasi 
neutrosophic interval 4-ring. 
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Example 3.51: Let M = M; U M2 U M3 U My U Ms = 


i=0 i=0 


{Zio a,€ z| U {Sane a, € 2, U 


{All 5 x 5 neutrosophic interval matrices with entries from Z)s, 


al a,I : 
+,x}uU where aj € Zig, 1 <i< 4,4, x} U {((0, 
a,l a, 


a,+b,I] [0, artboI], vanes [0,a9+boI])I ai, b; E 2305 +, x} be the 
neutrosophic quasi interval 5-ring of infinite order which is not 
commutative. 


Example 3.52: Let M=M, U MoU M3 U My U Ms U Me U 
M; = {([0, ail, [0, ap], seey [0, ay2]) | ai € Zs, 1 < 1 < 12, +, x} U 


ps a,Ix' 


[O,a,I] [0,a,T] 
[0,a, [0,a,]] i 


a, a, a, a, 


a,€ Zan X| U 


€ Zasissx} U 


A; ig “Ae Ay 
a, € Z,., 151 516,+,xX- U 
ay 19 ayy Ay5 
a3 Aig ais Ai6 
{([0, a; + bI], [0, a2 + b I] a) [0, ay;+b,,]] ) | ai, bj €E Zag, 1 <i 
<11;4, x} U {(ail, al, ..., asl) lai € Zoag, +, X,1 Sik 8} U 


{Silo a,€ Z| 


i=0 


be the quasi neutrosophic quasi interval 7-ring. 

It is important and interesting to note that all results on ring 
theory using Z,’s can be easily extended and studied with 
simple appropriate modifications. This task is left to the reader 

8]. 


Now we proceed onto define neutrosophic interval n- 
semiring (n = 3). 
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DEFINITION 3.6: Let S = S; US? U... US,, where each S; is a 
neutrosophic interval semiring such that S; ZS; or S; Z Si, if i 4 
j, 1 Si, j Sn. S inherits the operation componentwise from each 
S; i=l, 2, ..., n. We define S to be a neutrosophic interval n- 
semiring. 

We give examples of them. 


Example 3.53: Let S =S;US2:U 83 U Sy = {[0, al] lae ZU 
{O}, +, x} U {([0, aitbil], ..., [0, a9 + bol]) 1 ai, bi € Q"U {0}, 1 


<i<9,+, x} oe | 
[0,a,1] [0,a,1] 


U {[0, atbI] | a, b © 5Z* U {0}} be a neutrosophic interval 4- 
semiring. 


a,€ R* U{0},1 Si <4.40| 


Example 3.54: Let S =S; US2US83U S4U Ss = {[0, atbl]] | a, 
be VU {0}, x, +} U 
[O,a,1] [0,a,1] 
a 
[0,a,I] [0,a,0] 
{([0, ai+biI], [0, aztbel], [0, as + bsl]) lai, bi € Z* U {0}, 1 Sis 
3, +, x} U {All 10 x 10 upper triangular matrices with 
neutrosophic intervals [0, a+bI] where a, b € R* U {0}, +, x} U 
{all 6 x 6 lower triangular neutrosophic intervals matrices with 
intervals of the form [0,aI] where a € Q* U {0}, +, x} bea 
neutrosophic interval 5-semiring. 
We can define as in case of usual semirings the notion of 
Smarandache n-semirings, n-subsemirings and so on with 


simple modifications. Further in case of neutrosophic interval 
n-semirings we can define the quasi structure. 


i 


eZ n.isissrx} U 


Example 3.55: Let S = S; U S2U 83 U S4= {[0, al] lae R7U 
{O}} U {((O, ail], [0, al], .... [0, a7l]), (0, 0, ...,0)laie Z7s 1 
<i<s7, +, x} U {(0,0, 0, 0), ((O, ar + bil], [0, a2 + bF], [0, 
a3tbsl], [0, aq + byl]) | ai, bj € Q*, 1 <i <4,4+, x} U {[0, a+ bl] 
la, b € ZU {0}} be a neutrosophic interval 4-semiring which 
is also a neutrosophic interval 4-semifield. 
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We can also define the notion of quasi n-structures and 
mixed n-structures using these semirings. We only give 
examples of them as the definition is routine and direct. 


Example 3.56: Let S =S;US2U 83 U S4= {[0, al]Jlae ZU 
{0}, +,x}U {((0, atbl] la, be ZU {0}, 4+, x} U { [0,a +b] ] 
la,be Q*U {0}, +, x} U {[0, a]Jlae R*U {0}} VU {((0, ai], 
[0, ay], ..., [0, ayz])) | a; € Q* U {O}, 1 Si < 12} be a quasi 
neutrosophic interval 4-semiring. 


Example 3.57: Let S =S; US:;U S83 US4US5= 
[0,al] [0,bI] 

{ie cI] [0, al 

{({O, al], [0, bl], [0, cl]) la, b, ce Q*U {O}, +, x} U 


al aI a,l 


a,I a.I a,I ||a,eZ° U{O},1Sis<9,4,x-U 


a,b,c,de R* wore} U 


a,l a,I a,I 


{Ba alx 
i=0 


be a neutrosophic quasi interval 5-semiring. 


a,EQ* Ui0}3| U {San 


i=0 


a, eZ" v0) 


Example 3.58: Let V=V, U V2U V3 U V4 U V5 U Vo = 


{Zio a,e Q* 10) U 


i=0 


a,eR™ 10) U 


i=0 

{((0, a:+bjI],...,[0, ao + bol])l aj, bj € Z7U{O}; 1 Si < 9,4, x} U 
[0,a,] [0,a,] [0,a,] [0,a,] 
[0,a,] [O,a,] [0,a,] [0,a,] 
[0,a,] [0,a,)] [0,a,,] [0,a,,] 
[0,a,;] [0,a,,] [0,a,;] [0,a,,] 


a, € Q* U{0},1<i<16,+,x 
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al aI a,l 
U>|a,I a. aI |ja,eR* U{O},1<is9,4+,x- U 


al a,I al 


a, a, a, 
0 a, a, |ja,eZ U{0O},1<i<6,4+,x 
0 0 a 


be a quasi neutrosophic quasi interval 6-semiring of infinite 
order. 

All properties related with semirings can be derived for n- 
semirings without any difficulty. 

Now we proceed onto define mixed n-structure with two 
binary operations. 


DEFINITION 3.7: Let V= V; UV> Uv... UV, where some of the 
V;’s_ are neutrosophic interval rings and the rest are 
neutrosophic interval semirings. We call V the mixed 
neutrosophic interval ring - semiring. 

We illustrate this situation by some examples. 


Example 3.59: LetS =S,; US,:U83US,US;= 


{Zio +b I]x' 
i=0 


a,,b,€ Zou U 


{[0, atbI]l a, be R*U {0}, +, x} U 


p3 [0,a, I]x' 


i=0 


[O,al] [0,bI] 
[0,cI] [0,dI] 
{all 9 x 9 upper triangular neutrosophic interval matrices with 


intervals of the form [0, a+bI] where a, b € Z* U {0}, +, x} bea 
mixed neutrosophic interval (2, 3) ring - semiring. 


ae Q* U0} hx U 


a,b,c,de Za U 
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Example 3.60: Let M = M; U M2 UM; U Mg = {[0, al] la e€ 


lea el 
Z30, X, +} U a 
[0,a,I] [0,a,1] 


i 


eZ vionisissex} U 


[0,a,+b I] [0,a,+b,1] [0,a, +b,]] 
[0,a,+b,I] [0,a,+b.I] [0,a, +b,I] | }a,,b,¢ Q° U{O},1<i<9 
[0,a,+b,I] [0,a,+b,1] [0,a, +b,I] 

U {4 x 4 upper triangular interval matrices with intervals of the 
form [0, a+bI] with a, b € Zs} be a mixed neutrosophic 
interval ring - semiring. 

Quasi mixed neutrosophic interval semiring — ring and other 


quasi types of semiring - ring are described by the following 
examples. 


Example 3.61: Let V=V;U V2U V3 U V4U Vs = 


3 [0,a; ]x' 


a,e Z* wi0}ebx| U 


{Zea a+bI]x' 


i=0 


a,be Za4| U 


[O,al] [0,bI] [0,clI] 
[O,dI] [0,eI] [0,fI] | where a, b, c, d, e, f, t, s andr are in 
[O,tI] [O,sI] [0,r¥] 
Zo, +, X} U {([0, a], [0, b], [0, c], [0, d]) la, b, c, d © Zy, +, x} 
U {Zins +b,]]x' 
i=0 


a,,b,;€ R* Vio} 4 be a mixed quasi 
neutrosophic interval (2, 3) semiring - ring. 
Example 3.62: Let P=P; UP2UP3 U Py U Ps = 


{Zioane a,eQ* wo} U {Sane 


i=0 


a,€ ZartX| U 


155 


al a,I a,l 
a,l a,I a,I |la,e Z° U{0},+,x- LU {((0, al + bil, ..., 
al at a,l 

[0, asl + bs]) | aj, bj € Zao, +, X} U {(all, aol, ..., ail) | aye Zos, 


+, X; 1 <i< 12} bea neutrosophic quasi interval (2, 3) semiring 
- ring. 


Example 3.63: Let T=T,; UT2UT3 U Ty U Ts U Te= 


a; a, a, a, 
a a a 
5) 6 A 8 ‘ 
a; € Ziy,,1S1S516,4+,x7 U 
ay Aro ayy ain 
a13 ary ais A16 


[0,a, +b] [0,a, +b,1] 
[O,a,+b,I] [0,a, +b,1] 
{Sito 

{Zio +bI]x' 


i=0 


a,,b,e Z* vionisissex} U 


a,€ Zaur| U 


a,,b,€ Zartx| U {((0, a;+b,]], [0, a2+boI], 


-..5 [0, arotbiol] where a;, b; € ZU {0}, 1 Si<10,4+,x} U 


[aI a,I al a,I al 
O al aj aI al 
0 O aI aI a,1}/a,e Q* U{0},1<i<15,+,x 
0 O O a4,f a,l 

(PO. OO OO apt 


be a quasi neutrosophic quasi interval (3, 3) ring - semiring. 

Now on similar lines we can define neutrosophic interval n- 
vector spaces, neutrosophic interval n-semivector spaces and 
their quasi structure and mixed structure. We give one or two 
examples of them. Further all results worked in case of bivector 
spaces and bisemivector spaces are true in case of n-vector 
spaces and n-semivector spaces. 
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Example 3.64: Let V=V,; U V2U V3U Va= 


20 , 
{30 a, +b,I]x' 


i=0 


a,b; € Zn U 


[0,a,1] 
[0,a,I] | )a;€ Z,,,1Si<3,+7 U 
[0,a,I] 
{({0, aitb,I], [0,a.+b.I], [0, a3tbsl], [0, ast+b.1], [0, astbsT]) | ai, 


0,a,I 0,a,I] ... [0,a,,I 
b, € Zio, +} U {i at] [9,1] L.A, , where a; € 


[0,a,,1] [O.a,,I] ... [O,a,p1] 


Zy9, | Si < 20, +} be a neutrosophic interval 4-vector space over 
the field Zo. 


Example 3.65: Let V=V, U V2U V3= 


Te 
{0 a,I]x' 
i=0 


eZ] U 


[0,a,I] [0,a,I] ... [0,a,1] 
[0,a,I] [O,a,] ... [O,a,I] }]a,€ Z,,,1<i<24,4+$U 
[0,a,1] [O,a,1] ... [0,a,,J] 


{({0, ai+bi]], [0, artbol] , ..., [0, a7+byI]) | a;, bj € Zs3, 1 <1 <7, 
+} be a special neutrosophic interval 3-vector space over the 3- 
field F = Fy U Fy U F3 = Z7 U Zy3 U Zs3. 


Example 3.66: LetS =S;US,U 83 = 


20 ; 
{Se a,T]x' 


i=0 


a,eZ vio}t| U 


[0,a, +b] [0,a,+b,1] [0,a,+b,]] 
[0,a,+b,I] [0,a,+b,1] [0,a,+b,1] ||a,,b, € Q* U{0},1<i<9,+ 
[0,a,+bj1] [O,ag+b,I] [0,a, +bo]] 
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[0,a, +b, 1] 
[0,a, +b,]] , 

a,,b,¢ Z* U{0},1<i<12,+ 
[0,a,. +b,,T] 


be a neutrosophic interval 3-semivector space over the semifield 
F = Z* uU {0}. Clearly in case of n-semivector spaces we cannot 
define over finite semifields except over chain lattices. 


Example 3.67: Let V = V, U V2 U V3 U V4U V5 U Vo = 


24 ; 
{dra a,]x’ 


i=0 


a, € Z| U 
{All 10 x 19 neutrosophic interval matrices with entries from Z, 
under addition} U 
[O, a, IL] 
[0,a,1] ; 
’ a,€ Z,,1<i<20,+7 U 
[0,a,,1] 
{({0, a,+b)I], [0, a2 + b.]] ry [0, a7+byI]) | ai, b; E Q U {0}, 
27 
Pn Sp {Sioa 


i=0 


1.67 L101 U {all 8 x 3 


neutrosophic interval matrices with entries from Z* U {0}, +} 
be a mixed neutrosophic interval (3, 3) vector space - 
semivector space over the field - semifield F = Z, U (Z* U {0}). 


All properties related with bivector spaces, bisemivector 
spaces can be derived and proved in case of n-vector spaces and 
n-semivector spaces built using neutrosophic intervals. 


We can replace N (Z,) or N (Z* U {0}) or N (R* U {0}) or 
N (Q’ U {0}) by ([0, 1] U [0, T]) and derive results which will 
be defined as algebraic structures using fuzzy neutrosophic 
intervals: In many cases min or max operations can be used. 
This is also a matter of routine and left for the reader to develop 
them. 
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Chapter Four 


APPLICATIONS OF NEUTROSOPHIC 
INTERVAL ALGEBRAIC STRUCTURES 


Neutrosophic interval algebraic structures can find 
applications in places / models where an element of 
indeterminacy is present. For instance in mathematical models 
we can use these structures. Also in finite element analysis if 
indeterminacy is present in those models we can use them so 
that caution can be applied in places where indeterminacy is 


present. 
Neutrosophic interval matrices can be used in real world 


problems in the field of medicine or engineering or social issues 


when the data in hand is an unsupervised one. 
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When the study of eigen values or eigen vectors are 
expected to be an unsupervised one we can use _ these 
neutrosophic interval matrices or fuzzy - neutrosophic interval 
matrices. Further when n sets of simultaneous values are 
expected as the estimated / predicted values these n- 
neutrosophic interval matrices can be used. Also when the 
expert expects to study or obtain results in an interval one can 


use these interval models. 
Since the research and the subject happens to be new and 


use new notions of neutrosophic intervals the authors are sure in 


due course of time these will find more and more applications. 
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Chapter Five 


SUGGESTED PROBLEMS 


In this chapter we suggest over hundred problems of which 
some are simple, some of them are difficult and some of them 
are research problems. 


1. 


Give an example of a pure neutrosophic interval 
bisemigroup which is not commutative but of finite order. 


Give some interesting properties related with pure 
neutrosophic interval bisemigroups of infinite order. 


Give an example of a interval neutrosophic bigroup G = 
G, U G of finite biorder and show the Lagrange theorem 
for G is true. 


Let G = 83 U {[0, al] | a € Zi7, +} be a quasi interval 
quasi neutrosophic bigroup. 

a) Find the biorder of G. 

b) Can G have bisubgroups? 

c) Is G simple? 
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10. 


11. 


12. 


Let V = V; U V2= S(5) U {[0, al] la © Zus, x} be a quasi 
interval quasi neutrosophic bisemigroup 

a) Find biorder of V. 

b) Can V have bisubsemigroups? 

c) Does every biideal’s biorder divide biorder of V? 

d) Is every bisubsemigroup a biideal in V? 

e) Is V a S-Lagrange bisemigroup? 


Obtain some special properties enjoyed by pure 
neutrosophic interval bigroups of finite order. 


Is all the classical theorems true in case of finite groups 
true in case of finite pure neutrosophic interval bigroup? 


Let G = G; UG) = {[0, al] la € Za \ {0}, x} U {[0, al] | 

a € Z4, +} be a pure neutrosophic interval bigroup. 

a) Find biorder of G. 

b) Prove all classical theorems for finite groups are true 
in case of G. 

c) Find quotient interval bigroups of G. 

d) Find the order of [0, 25I] U [0, 8I] in G. 


Obtain some interesting properties about quasi interval 
quasi neutrosophic bigroupoids. 


Prove every pure neutrosophic bigroupoid need not be a 
S-bigroupoid. 


Let G= G; UG, = {[0, al] la € Za, *, (2, 21)} U {[0, al] 
la e Za, *, (3, 12)} be a pure neutrosophic interval 
bigroupoid. 

i) Find the biorder of G. 

ii) Is Ga S-bigroupoid? 

iii) Is G S-Moufang? 

iv) Does G satisfy Bol identity? 


Obtain some interesting properties enjoyed by pure 
neutrosophic interval bisemirings of finite order. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


Is every pure neutrosophic interval bisemiring built using 
R* U {0} or Q* U {0} or Z* U {0} a pure neutrosophic 
interval bisemifield? 


Does there exist a pure neutrosophic interval bifield? 
Define neutrosophic interval birings. 
Give examples of S-neutrosophic interval bisemirings. 


Is every pure neutrosophic interval bisemiring a 
Smarandache neutrosophic interval bisemiring? 


Can neutrosophic interval birings be built using Z* U {0} 
or Q* U {0} or R* U {0}? Justify your answer. 


Can we have a neutrosophic interval biring of prime 
biorder? Justify! 


Prove we have neutrosophic interval birings of biorder 24. 


How many neutrosophic interval birings of biorder 24 can 
be constructed. 


Let M=M,; UM> = {[0, al] la € Zs, +, x} U {[0, atb]] | 
a, b € Ze, +, X} be a neutrosophic interval biring. 

i) Find biorder of M. 

ii) Find quasi biideals in M. 

iii) Can M have bisubrings? 

iv) Find quasi bizero divisors of M. 

v) Is Ma S-biring? 


Let R=R,; UR>2 = {[0, al] la € Zas, +, x} U {[0, a+b] la, 
b € Zo, +, X} be a neutrosophic interval biring. 

a) Find the biorder of R. 

b) Find biideals in R. 

c) Does R have bisubrings which are not biideals? 

d) Find bizero divisors in R. 

e) Find biidempotents in R. 
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24. 


29% 


26. 


27, 


f) Find biunits in R. 
g) Finda biisomorphism of R to R with nontrivial 
bikernel. 


Let P= P; U Po = {[0, al] la € Zo, *, (3, 4)} U {[0, al] la 

€ Zo, *, (2, 1)} be a neutrosophic interval bigroupoid? 

i) Find biorder of P. 

ii) Is P a S-bigroupoid? 

iti) Does P have S-subbigroupoid? 

iv) Does P satisfy any of the special identities? 

v) Find biideals in P. 

vi) Does P have subbigroupoids which are not 
Smarandache? 


Let T=T, UT2= {[0, al] lae Zp, *, (7, 5)} U {[0, a+b] 
where a, b € Zi7, *, (8, 9)} be a neutrosophic interval 
bigroupiod. 

i) Find biorder of T. 

ti) Is T a S-bigroupoid? 

iii) Does T have subbigroupodids? 

iv) Can T have S-biideals? 

v) Is every right biideal of T a left biideal of T? 

vi) Is T a P-bigroupoid? 

vit) Is T a S-Bol bigroupoid? 

viii) Can T be a S-strong Moufang bigroupoid? 

ix) Can T be a S-idempotent bigroupoid? 


Let P= P; UP2= {[0, al]lae fe, 1, 2,...,29}, * 8} U 
{[0, atbI] | a,b € {e, 1, 2, ..., 29} *, 12} bea 
neutrosophic interval biloop. 

i) Find biorder of P. 

ii) Find S-biloops of any? 

ii) Is P a S-biloop? 

iv) Does P satisfy any of the special identities? 

v) Is Pa S-strongly Lagrange biloop? 

vi) Is P-S-strong Moufang? 


Does there exist an interval biloop of biorder n; n a 
composite odd number? 
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28. 


29. 


30. 


31. 


32. 


33. 


Give an example of a Moufang neutrosophic interval 
biloop. 


Construct a neutrosophic interval biloop which is a Bol 
biloop. 


Let M=M,; UM>= {[0, al] la€ fe, 1, 2, ..., 33}, 14, * } 
U {[0, atbI] | ab € fe, 1, 2, ..., 37} *, 14} be a 
neutrosophic interval biloop. 

i) Find biorder of M. 

ii) Is M S-strong Moufang? 

iii) Is M a S-biloop? 

iv) Is M simple? 

v) Can M have bisubloops? 

vi) Can M have S-bisubloops? 

vii) Can M have bisubloops which are not Smarandache? 
viii) Does M satisfy any of the special identities? 

ix) Find the biisotope of M. 

x) Is M a S-Lagrange biloop? 


Let V = V; U V2 = {[0, atbI] | a, b € Zs, x } U {[0, 
at+bI] | a,b € Zis, (7, 8), *} be a neutrosophic interval 
semigroup - groupoid. 

i) Find biorder of V. 

ii) Find substructures of V. 

iii) Does V_ have bizerodivisors? 

iv) Is V a Smarandache semigroup-groupoid? 


Let M=M,; UM>=({[0, al]lae Zs, x} U {[0, atbl]] la, 
be Zy, X} bea neutrosophic interval bisemigroup. 

i) Find biorder of V. 

ii) Is M a S-bisemigroup? 

iii) Does M contain S-biideals? 

iv) Can M have S - bizerodivisors? 

v) Can M have bisubsemigroups which are not biideals? 


Let S=S, US; = {[0, atbI] la, be Z,, x} U {[0, atb]] | 
a,b e€ Zs, x} be a neutrosophic interval bisemigroup. 
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34. 


35. 


36. 


37. 


i) Find biorder of S. 

ii) Is S a S-bisemigroup? 

iii) Can S have bizero divisors? 

iv) Can S have S-bizero divisors? 

v) Can S have biideals? 

vi) Can S have bisubsemigroups which are not biideals? 
vii) Can S have biidempotents? 

viii) Is S bisimple? 


Let V = V, U V2 = {[0, atbI] 1 a,b € Zao, x} U {[0, 
at+bI] | a,b € Zuo, (3, 17), *} be a neutrosophic interval 
semigroup - groupoid. 

i) Find biorder of V. 

iit) Is V a Smarandache semigroup - groupoid? 

iii) Can V have biideals? 

iv) Can V have bizero divisors? 


LetS =S, US) = {[0, al] | ae fe, 1, 2,...,23},9,*} u 
{[0, atbI] | a, b € fe, 1, 2, ..., 11}, 9, *} be a 
neutrosophic interval biloop. 

i) Find biorder of S. 

ii) Prove S is Smarandache. 

iti) Prove S is S-simple. 

iv) Is S simple? 


Let L = {[0, al] lace Zyg, *, (3, 2) } U {[O, atbI] la, b 
Zo7, *, 8} be a neutrosophic interval groupoid - loop. 

1) Does L satisfy any one of the standard identities? 

ii) Find biorder of L. 

iii) Is L Smarandache? 

iv) Can L have Smarandache substructures? 

v) Find any other interesting property associated with L. 


Let M=M, UM) = {[0, aJlae Zug, x} U {[0, atbI] | a, 
be fe, 1, 2, ..., 47}, *, 9} be the neutrosophic interval 
semigroup - loop. 

i) Find biorder of M. 

ii) Find substructures of M. 

iii) Is M Smarandache? 

iv) Can M have Smarandache substructures? 
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38. 


39. 


40. 


Al. 


Let T= T; U T2 = {[0, atbI] 1 a,be fe, 1, 2,..., 43}, *, 

8} VU {[0O, atbI] | a, be fe, 1, 2, ..., 43}, * 9} bea 

neutrosophic interval biloop. 

i) Is T aSmarandache biloop? 

ii) Does T satisfy any of the special identities? 

iii) Is T simple? 

iv) Can T have nontrivial bisubloops? 

v) Is T aS-strongly Lagrange biloop? 

vi) What is the biorder of T? 

vit) Find f:T — T, a bihomomorphism such that bikernel 
of f is nontrivial. 


Let W = W, U W2 = {[0, al] lace {e, 1, 2,..., 81}, * 17) 
U {[0, al] lae {e, 1, 2, ..., 81}, *, 23} be a neutrosophic 
interval biloop. 

i) Find biorder of W. 

ii) Is W a S-biloop? 

iii) Does W contain S-subbiloops? 

iv) Is W simple? 

v) Does W satisfy any of the special identities? 

vi) Find the biisotope of W. 


Let M = M; U Mp = {[0, at+bI] | a, b € Zie, *, B, 5)} U 

{[0, at+bI] | a, b © fe, 1, 2, ..., 15}, 8 *} be a 

neutrosophic interval groupoid - loop. 

i) Find the biorder of M 

it) Is M a Smarandache structure? 

iii) Does M contain Smarandache substructure? 

iv) Does M satisfy any of the special identities? 

v) Does M contain a neutrosophic interval normal 
subgroupoid - normal subloop? 


Let V = V, U V2 = {[0, atbl] | a, b € Zoo, *, 3, 7)} LU {[0, 
at+bI] | a, b € Zoo, X} be a neutrosophic interval groupoid - 
semigroup. 

a) Find the biorder of V. 

b) Is V Smarandache? 

c) Can V have Smarandache substructures? 
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42. 


43. 


44, 


45. 


46. 


d) Prove V has pure neutrosophic interval subgroupoid - 
subsemigroup and interval subgroupoid S-ideals? 
e) Does V contain S-biideals? 


Let M=M, U Mo = {[0, a] la e Za, x} U {[0, al] lae 
{e, 1, 2, ..., 41}, 9, *} be a neutrosophic interval 
semigroup - loop. 
a) Find the biorder of M. 
b) Is M Smarandache? 
c) IsS=S, US, = {[0, I], [0, 401], x} Uv {[0, el], 

[0, 91]} © M; U M2 a neutrosophic interval bigroup? 
d) Is Ma simple bistructure? 


Obtain some interesting properties enjoyed by 
neutrosophic interval semiring - ring. 


Let M=M, UM> = {[0, al] laeé fe, 1, 2, ..., 29}, 9, *} 

U {[0, al] | a € Zoo, (3, 20), *} be a neutrosophic interval 

loop-groupoid. 

i) Find biorder of M. 

iit) Does M satisfy any of the special identities? 

iii) Is M a Smarandache bistructure? 

iv) Can M have S-bisubstructures? 

v) Give a bisubstructure which is not a Smarandache 
subbistructure. 


Let W = W; U W2 = {Za, +} LU {[0, al] la € Zao, x} bea 
quasi neutrosophic quasi interval group - loop. 

i) Find biorder of W. 

ii) Is Wa Smarandache bistructure? 

iii) Find subbistructures in S. 


Let V= V, U V2 = {Zos, X} U {[0, al] la € Zs, *, (3, 
22)} be a pure neutrosophic interval semigroup-groupoid. 
i) Find biorder of V. 

ii) Is V a Smarandache bistructure? 

iii) Can V have S-zero divisors? 

iv) Find S-units in V (if it exists). 
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47. 


48. 


49. 


50. 


v) Can V have idempotents which are not S- 
idempotents? 


Let P= P,; UP, = {[0,a+ bl] la, be Zy, *, G3, 14} U 

{(0, al] |a € Za, *, (0, 14)} be a neutrosophic interval 

bigroupoid. 

i) Find biorder of P. 

it) Can P have bizerodivisors? 

iii) Can P have S-subbigroupoids? 

iv) Can P have S-biideals? 

v) Find S-quasi bisubstructures in P. 

vi) Does P satisfy any of the special identities? 

vii) Does P satisfy any of the Smarandache strong special 
identities like Bol, Moufang etc? 


Let P= P; UP) = {[0, al] 1a © Zao, (3, 0), *} UL {[0, al]la 
€ Zo, (0, 3), *} be a pure neutrosophic interval 
bigroupoid. 

i) Find biorder of P. 

iit) Is P Smarandache? 

iii) Is P a Smarandache strong Bol bigroupoid? 

iv) Is P a Smarandache strong P-bigroupoid? 

v) Can P have Smarandache bisubgroupoids? 

vi) Does P contain S-bizero divisors? 


Let M = M; UM> = {[0, al] la € Zos, x, +} U {[0, al] la 
e Z* U {0}, +, x} be a pure neutrosophic interval ring - 
semiring. 

i) Is Ma Smarandache bistructure? 

it) Can M have S-bizero divisors? 

iii) Can M have S-biidempotents? 

iv) Can M have S-subring - subsemiring? 

v) Can M be a quasi Smarandache bistructure? 

vi) Find any other property associated with M. 


Let T = T; U T2 = [[0, at+bI] | a, b € Zo, x, +} U {[0, 
atbI] | a, b € Zo4, x, +} be a neutrosophic interval biring. 
i) Find biorder of T. 

ii) Is T a S-biring? 
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32; 


53: 


iii) Can T be a quasi bifield? 

iv) Find bizero divisors and S-bizero divisors in T. 
v) Can T have S-biidempotents? 

vi) Find S-biunits in T. 

vii) Find a biideal I= 1, U L, and find TYI. 


Let V = V; U V2 = {[0, atbI] | a, b € Ze, +} VU 
[0, al] 
[0,bI] | |a,b,ce Z,,,+- be a neutrosophic interval 
[0, cI] 

bivector space over the field F = Za. 

i) What is the bidimension of V? 

ii) Find bivector subspaces of V. 

iti) Can V be a Smarandache bivector space? 


iv) Write V as a direct sum. 
v) Find linear bioperator T on V such that T"! exists. 


[0,51] 0 [0,1 0 

O [0,2] O 0 

0 [0,1] 0 [0,51] 
[0, 21] 0 [0,0] 0 


Let V= Vi U V2 = 


[0,1] [0,21] 0 
0 [0,1] 0 be a pure neutrosophic interval 
[0,1] 0 [0,31] 


bimatrix with entries from Z;1. 

i) Find the characteristic bivalues. 
ii) Find the characteristic bivector. 
ii) Is V bidiagonalizable? 


Let V = V; U V2 be a pure neutrosophic bivector space 
where V; = 
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[0,a,1] [0,a,I] [0,a,I] 
[0,a,I] [O,a.I] [0,a,]] 
(0,a,I] [0,a,I]  [0,a,1] 
[O,a, 1] [0,a,1] [0,a,,1] 


{({0, a+blI], [0, c+dI], [0, e+f1]) la, b, c, d, e, f, € Zoo}; 

a) Find a bibasis for V. 

b) What is the bidimension of V? 

c) Find a linear bioperator T on V so that T' does not 
exist. 

d) Write V as a bidirect sum. 

e) Define a biprojection on V. 

f) Is V a Smarandache bivector space? 

g) Does V contain subbivector spaces which are not 
Smarandache? 


a, € Zy),1<is12$ U 


8 
Let V=V, UV. = {Sian 


i=0 


ae Zt} U {([O, al], 


[O, bl], [0, cl]) | a, b, c € Zs, +} be a neutrosophic 
interval bivector space over the field Z43. 

i) Find a bibasis for V. 

it) What is the bidimesnion of V? 

iii) Is V Smarandache? 

iv) Write V as a direct sum. 

v) Find a Smarandache subbivector space if any in V. 

vi) Find T a linear bioperator with nontrivial bikernel. 


[0,a + bI] 


[0,c + dI] 


Let V=V,; UV2= be the collection of all 9 


[0O,r+sI] 


x 1 neutrosophic interval matrices with entries from Z7} 
U {([0, al], [0, bl], [0, cl], [0, dI]) 1a, b, c,d € Z,} bea 
neutrosophic interval bimatrix. 

i) Find the number of elements in V. 

ii) What is the bidimension of V? 

ii) Find a bibasis for V. 
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5 
Let S = 8) US, U 83 U Sy = {Soto 


i=0 


ae Z| U 


{({O, a,l], [0, aol], ig [0, aol) | a € Zo, x} U 
[O,a,I] [0,a,]] 


0,a,! 0,a,I 
on a a,€ Zit} U {({0, atbl] | a, b € 


[0,a,,1] [0,a,,1] 


Zi2, X} be a neutrosophic interval 4-semigroup. 
i) Find the 4-order S. 

ii) Find 4-subsemigroups. 

iii) Can S have 4-ideals? 

iv) Can S have 4-zero divisors? 

v) Can S have 4-units? 

vi) Is S a Smarandache 4-semigroup? 


Let V=V, U V2 = {[0, al] lae Z*U {0}} U {[0, al] la 
€ Z;} be a neutrosophic interval semivector space - 
vector space over the semifield - field (Z* U {0}) UZ, = 
S. 
i) Finda bibasis of V over S. 
ii) Can V have neutrosophic subsemivector space - 

vector subspace of V over S? 
iii) What the bidimension of V over S? 


Let W = W, U W2 = {[0, at+bI] 1a, b € Zio} U {[0, a+ bo] 
la, b € Z,3} be a special interval bivector space over the 
bifield F = Fy U Fy = Zig U Zp3. 
i) Finda bibasis of W. 
ii) Is W a finite bidimensional? 
ii) Find bivector subspace of W. 
iv) Find a special linear bioperator of W, which is 
invertible. 
v) Prove W has both. 
a) Pure special neutrosophic interval subbivector 
space of W. 
b) Find special interval bivector subspace of W. 
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Let W = W; U W2 = {([0, ail], [0, acl], [0, asl], [0, agl]) | 
[0,a,]] [0,a,I] [0,a,1] 

ai € Zio, 1 SiS 4} U 4)[0,a,I] [0,a,I] [0,a,I]} where 
[0,a,I] [O,a,I] [0,a,I] 

ai € Zio; 1 < i < 9} be a neutrosophic interval bivector 

space over the field S = Zio. 

1) Finda bibasis of W. 

ii) What is a bidimension of W? 

iii) Find a subbivector space of W. 

iv) Define a linear bioperator T on W so that T” exists. 

v) Define T : W > W so that bikernel is nontrivial. 


Let W = W, U W2 = {[0, at+bI] | a, b € Z} U {[0, at+bl]| 

a, b € Zi} be a special neutrosophic interval bivector 

space over the bifield F = F) U F) = Z, U Zit. 

i) Find bidimension of W. 

iit) Find a bibasis of W. 

iii) Find a special neutrosophic interval bivector subspace 
of V. 

iv) Write W as a bidirect sum. 

v) Find a bioperator T so that T’ does not exist. 

vi) Write W as a pseudo direct sum. 


[0,a,I]] [0,a,]] 
Let V=V,; UV2U V3 UW = : : ay € 
[0,a,I] [0,a, I] 


Z43, 1<is 10} U {([0, aI], [0, al], [0, a3l]) | ae Zr; 
7 
Le a {itor ae 2, U 
i=0 
[0,a,I] [0,a,1] 
[0,a,I] [0,a,1] 
interval 4-group. 


i) Find the 4-order of V. 
ii) Find neutrosophic interval four subgroups. 


a,€ tol be a neutrosophic 
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Let V = V; U V2 U V3 U V4 be a neutrosophic interval 4- 
[O,a,I] [0,a,I] [0,a,1] 


[0,a,f] [0,a,1] [0,a,1] 
semigroup where V; = : ; ; 


[0,a,.1] [O,a, 1] [0,a5o1] 
where a; € Zoo, 1 <1 < 30, +}, V2= {[0, atbI] | a, b © Zuo, 


x} Vs = ‘ion 


i=0 

[O,al] [0,bI] 

[0,cI] [0,dI] 
interval 4-semigroup. 
i) Is Va Smarandache 4-interval semigroup? 

ii) Prove V is of finite order. 

ii) Find neutrosophic interval 4-subsemigroup. 

iv) Does V contain 4-zero divisor? 

v) Does V contain Smarandache 4-units? 

vi) Is V a S-weakly Lagrange 4-semigroup? 

vii) Can V have S-4-ideals? 

viii) Does V contain S-4-subsemigroups which are not S- 
4-ideals? 


teZant| and Wy = 


a,b,c,de 2| be a neutrosophic 


Let R = R; UR2 UR; U Rg URs = {[0, at+bI] | a, b € Zs, 
[O,a,] [0,a,1] [0,a,1] 

x, +} U 9/[0,a,T] [0,a,I] [0,a,I]|}aie Z, 1<is 9, 
[O,a,I] [O,a,f] [0,a,1] 

+, x} U {([0, ail], [0, aol], ..., [0, agl]) | aj € Zoo, 1 Si <8, 


ikea a 
+, xX} vu 
[0,a,I] [0,a,]] 


{So +b,]]x' 


seZilsisd U 


a,,b, € Zs} be a neutrosophic interval 
i=0 


5-ring. 
i) Find S-5-subring of R. 
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ii) Is Ra S-5-ring? 

iti) Is R a Smarandache commutative 5-ring? 

iv) Does R contain S-zero divisors? 

v) Can R have zero divisors which are not S-zero 
divisors? 

vi) Can R have ideals which are not S-ideals? 

vii) Can R have a principal 5-ideal? 


Let S=S; US. U 83 U Sq = {[0, a+b] la, b € Ze, * (2, 
6)} U {[0, atbI] la, b € Zs, * (3, 5)} LU {[0, atbl] la, be 
Zs, * (1, 7)} U {[0, atbI] | a, b © Ze, * (4, 4)} be a 
neutrosophic interval 4-groupoid. 

i) Is S aS-4-groupoid? 

ii) Can S have Smarandache 4-subgroupoid? 

iii) Does S satisfy any of the Smarandache identities? 

iv) Is S a S-P-4-groupoid? 


Let T=T, UT. UT3 UT4 UTs = {[0, a+bI] | a, b © Z, * 
(3, 4)} U {[0, a+b] | a, b € Zo, * (2, 7)} U {[0, a+b] | a, 
be Zs, * (1, 7)} U {[0, atbI] la, b € Zi), * (3, 8)} U {[0, 
at+bI] | a, b € Zy3, * (12, 1)} be a neutrosophic interval 5- 
groupoid. 

i) Is T aS- neutrosophic interval 5-groupoid? 

ii) Can T have S-sub 5 - groupoid? 

iii) What is the order of T? 

iv) Is T a S-strong P-5-groupoid? 

v) Is T a S-Bol 5-groupoid? 

vi) Find 5-zero divisors and S-zero divisors if any in T. 


Let M =M; UM, UM; UM, U Ms = {[0, atbI] la, b € 
fe, 1, 2, ..., 33}, 14, *} U {[0, atbI] la, be fe, 1, 2,..., 
29}, 20, *} U {[0, atbI] la, be fe, 1, 2,..., 31}, 15, *} 
U {[0, atbI] la, be fe, 1, 2, ...,53}, 27, *} U {[0, atb]] 
la, be {e, 1, 2, ..., 47}, 23, *} be a neutrosophic 
interval 5-loop. 

i) Find the order of M. 

ii) Find S-5 subloops of M. 

iii) Is Ma S-5 loop? 

iv) Is Ma S-strong Bol 5-loop? 
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v) IsMaS-Moufang 5-loop? 

vi) Is Ma S-strong alternative 5-loop? 

vii) Find S-strong P-5-loop. 

viii) Obtain some interesting properties enjoyed by M. 

ix) Prove x = xX; U X2 U X3 U X4 U Xs in M is such that x? 
= identity. 


Let P= P,; UP, UP3U Py U Ps U Po = {[0, atb]] la, be 
Z7, X} U {[0, al] la € Zis, +} U {[O, atbl] | a, b © Zoo, 
(3, 8), *} U {[0, al] la € Zio, +} U {[0, al] lae fe, 1, 2, 
5 19} 9, *} U {[0, a+b] la, b € Zp, *. (3, 9)} bea 
mixed neutrosophic interval (1, 2, 2, 1) - (semigroup - 
group - groupoid - loop). 

i) Find order of P. 

ii) Find substructures in P. 

ii) Is every element in P of finite order? 


Let S$ =S;US,U83; US, U Ss = {[0, al] la € Zo, +} U 
{[0, al] |a € Zo, x} U {[0, al] la € Zo, (2, 7), *} U {[0, 
al] lae fe, 1, 2, ..., 9}, 5, *} U {[0, al] la © Zo, (0, 4), 
*} be a mixed neutrosophic interval (1, 1, 2, 1) - group - 
semigroup - groupoid - loop. 
i) Find order of S. 
ii) Obtain substructures in S. 
iii) Determine some interesting properties enjoyed by S. 
iv) Does the order of 5-substructures divide the order 

of S? 
v) Letx=[0, 31] U [0, 21] u [0, 49 uv [0, 5T] u [0, 71] 

e€ S. What is the order of the element x in S? 


Let S = S,; US, US; = {[0, al] where a € Z4, +, x} U 
{[0, al] la e Z* U {0}, x, +} U {((0, a+b ]], [0, az + bol], 
[0, a3 + bsI]) | ai, bi € Zio, 1 Si S 3, +, X} be a mixed 
neutrosophic interval (2, 1) ring - semiring. 

i) Is Sa Smarandache structure? 

ii) Can S have 3-ideals? 

iii) Find substructures in S. 

iv) Can S have 3-zero divisors? 
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v) Can S have S-3 units? 
vi) Is S a commutative 3-structure? 


[0,61] O [0,21] 
LetM=M,UM,>UM;UMy=]| 0 [0,31] 0 
[0,71] 0 0 
(0,2 O [0,31] 0 
(0.44 0 0 [0,41] [0 oO 
0 Ae [0,1] 0 0 [0,7] 
0 (08 O [0,1] 
[[0,21] [0,31] 0 [0,1] [0,71] 
0 [01] [0,2 0 0 
u} 0 0 [0,44 [0,4 [0,21 be a 
0 0 0 [0,51] 0 
0 0 0 0 [0,71] 


neutrosophic interval 4-matrix with entries from R* U 

{0}. 

i) Find characteristic 4-values associated with M. 

it) Is the characteristic 4-values associated with M- 
neutrosophic intervals? 

ili) Can the characteristic 4-values be in R* U {0}? 

iv) Obtain some interesting results associated with M. 

v) Does M" exist? 


Obtain some interesting properties related with 
neutrosophic interval n-vector spaces. 


Find some properties enjoyed by special neutrosophic 
interval n-vector spaces. 


Study the difference between the structures described 
problems (71) and (72). 


Let M=M,; UM, UM3U M4 U Ms = {((0, ail], [0, aol], 
oy (0, apl]) las € Zp 1<is7}U 
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12 


> 10, a; +b, I]x' 


i=0 
/[0,a,t] [0,a,1] [0,a,]] 
[O,a,I] [O,a,1] [0,a,I]}|aie Zi, 1<5159,+}U 
|[0,a,1] [O,a,I] [0,a,I] 


1h Zart| U 


| [0,a,+b, I]  [0,a,+b,1] 


0,a, +b, I 0,a, +b,I 
- a F HM a,b, € Z,,1<i<14 


[(O,a,; +b 51] [0,a,,+ byl] 


[O,a,I] [0,a,I] .. [0,a,1] 
[0,a,f] [0,a,f] .. [0,a,1] 


a special neutrosophic interval 5-vector space over the 5- 
field F=F,; UF, UF; UF, UF; = Z) U 213 U Zy7 U ZU 
Zs. 
1) Finda special 5-basis of M over F. 
ii) What is the special 5-dimension of M over F? 
iii) Can M be written as a direct union of special 
neutrosophic interval 5-subspaces over F? 
iv) Find a special linear 5-operator T= T, UT2 UT3U 
T, UT; so that T” exists. 


U 


a,€ 7aisisis| be 


Let V=V,; UV2U V3 U Va = {([0, ay+bi]], ..., [0, ag + 
[0,a,1] 

r [0,a,1] . 

bsI]) | ai, bs € ZU {0}, +} U ‘ where a; € Z 
[0,a, 1] 


9 


UW (0}; 181< 10} u {ioa-rone 


[O,a+bI] [0,c+dI] 
[0,c+dI] [0,a+bl]] 


a,be Z* 10) U 


a,b,c,de 2°10) be a 
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neutrosophic interval 4-semivector space over the 

semifield S = Z* U {0}. 

i) Find a 4-basis of V over Z* U {0}. 

ii) What is the 4-dimesnion of V over Z* U {0} 

iii) Find 4-subspaces of V over S = Z* U {0} 

iv) Is V a Smarandache 4-semivector space over Z* U 
ly 

v) Find a linear 4-operator T= T; UT2U T3 U T, on V 
so that T' does not exist. 

vi) Is 4-kerT = ker T,; U ker T2 U ker T; U ker Ty a 4- 
subspace? 


LetS=S,;US8S,U 83 US4U S5 = 


{de al]x' 


i=0 


ae Z U10)-4 U {({O, aT], [0,aaI],..., [0, 
agl|) lase ZU {0}, +, x} U 
[[O,a,1] [0,a,] 
[ [0,a,1] [0,a,1] 
[0,a,I] [0,a,1] [0,a,1] 


0  [0,a,I] [0,a,1] | ]a, e Z* U{0},1<i<6,4,x 
0 0 [0,a,I] 


A Re Ee a a i w 0) U 


[0,a,1] 0 0 0 
[0,a,]] [0,a,1] 0 

0 [0,a,I] [0,a,1] 0 

0 0 0 [0,a,1] 


be a neutrosophic interval 5-semiring. 

i) Is S-a S-5-semiring? 

iit) Does S contain a S-5-subsemiring which is not 
Smarandache? 

iii) Can S have 5-zero divisors? 

iv) Obtain some stricking properties about S. 

v) Can S have S-5-ideals? 


a, € Z* U{0},1<i<6,4,x 
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Give some special properties about quasi neutrosophic 
quasi interval n-groups (n 2 3). 


Prove Lagrange’s theorem is true for quasi neutrosophic 
quasi interval n-group of finite n-order. 


Let G=G, TG@VUG,UG,UG; = {({0, aI], [0, aal], [0, 
a3l]) | aj € Zi \ {O}} U 


[[O,a,1] [0,a,1] [0,a,]] 
[0,a,I] [0,a.I] [0,a,1] 
[O,a,I] [0,a,I] [0,a,I] ja, € Z,,.4.1<i<15 U 
[O,a, 1] [0,a,,1] [0,a,,1] 
|[0.a,,1] [0,a,,1] [0,a,,1] 


[0,a,+b I] .. [0,a,+b,1] ; 
a,,b, € Z,,,+;1<1<14 
[O,a,+b,I] ... [0,a,,+b6,0 
U {[0,  a+blI] | a, be Los, +4 
[0,a,]] 
[0,a,1] : 
U a, € Z,;,1SiS14;+ be a neutrosophic 
[0,a,1] 
[0, aT] 


interval 5-group. 

i) Find the 5-order of G. 

ii) Prove Lagrange’s theorem is true for G. 

ii) Find all p-sylow 5-subgroups of G. 

iv) Prove Cauchy theorem is true for G. 

v) Ifx € G; does there exists an integer such that 


ny ny ns 


n_ ny n3 
X= X)'UX,? Ux; UX)! UX, 


=(oienoaye@ul? 9 = Oe 
Ce ese a ew 00... 0 
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[0, 0] U 


ooo oO 


20 
Let S = S, US. US3U S4= {Rios 
i=0 


a,eZ 10) 


[0,a,]] [0,a,I] [0,a,1] 
U 4/[0,a,1] [0,a,I] [0,a,I]}ja,eZ° U{O},1<is9- U 
[O,a,I] [0,a,f] [0,a,1] 


[0.a,+b,] [0,a, +b,] 
: a,b, € Z' U{0},1Si<8 
[0.a,+b,I] [0,a, +b,]] 


U {((O, a; + bil], ..., [0, ary + bi] | a;, b; € Z* U {0}; 1 < 
i < 11} be a neutrosophic interval 4- semivector space 
over the semifield = Z* U {0}. 

i) What is the 4-dimension of S over F? 

iit) Find a 4-basis of S over F. 

iii) Find atleast 3 4-subsemivector spaces of S over F. 

iv) Write S as a direct sum. 

v) Is S a4-semilinear algebra over Z* U {0}? 

vi) Is S a Smarandache 4-semivector space over F? 

vii) Define a 4-linear operator T on S so that T” exists. 


Give an example of a neutrosophic fuzzy interval 4- 
semigroup of infinite order. 


Give an example of a fuzzy neutrosophic interval 8- 
semiring which is not Smarandache. 


Derive any interesting property about fuzzy neutrosophic 
interval n-rings. 
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Can the concept of principal ideal domain be extended to 
the fuzzy neutrosophic interval n-rings? 


Let P= P,; UP, UP3U Py U Ps = {[0, at+bI] la, b € Zp, 
[0,a,1] 


[0,a,1] 


x} U a, € Zy,.X%1Sis9! U {((0, all], .... [0, 


[0,a,I] 


allel ap eA ke Oe: Te SAO a 


25 4 
{da a, +b I]x' 


i=0 


[0,a,f] [0,a,[] 
[0,a,I] [0,a,1] 
interval 5-semigroup. 
i) Define a mapn:P=P,; UP2UP3U Py U Ps > ([0, 
I] U [0, 1]) U (10, I] u [0, 1]) U (0, I] U [0, 1] <[0, 
I], (0, 1]) U <0, I], [0, 1]), so that (p, n) is a special 
neutrosophic fuzzy interval fuzzy 5-semigroup. 


it) How many such special fuzzy 5-semigroup can be 
constructed? 


1,62 U(0). 051525. U 


<2 Ui0| be a neutrosophic 


LetS =S; US. U 83 U Sy = {[0, al] lae fe, 1, 2, ..., 

23}, 9, *} U {[0, a+b] la, b € {e, 1, 2, ..., 29}, 20, *} 

Uf{((O, ail], [0, aol] ... [0, avI]) lae {e, 1, 2, ..., 33}, 14, 

*} U {[0, atbI] la, b € fe, 1, 2, ..., 53}, 29, *} bea 

neutrosophic interval 4-loop. 

1) Define a map yn: S — <[0, 1] U [0, IJ) U (0, 1] U [0, 
T]) U (0, 1] U [0, T]) U (0, 1] U [0, T]) so that (S, n) 
is a special neutrosophic fuzzy interval fuzzy 4-loop. 

ii) Derive some of the properties enjoyed by (S, 7). 


Let G=G, UGUG;U G, UG; = {[0, at+bI] | a, b € 
Z45, +} U {[0, al] 1a © Zo, +} € {[0, al] la € Zs53 \ {0}, 
x} U {(0, ail], ..., [0, asl]) | a; € Zi \ {0}, x} VU {[0, 
a+bI] la, b € Zs, +} be a neutrosophic interval 5-group. 
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i) Definen : G=G; VG@,UG;U Gi UG; > ([0, I] U 
[0, 1]) U <[0, HU [0, 1) U «LO, T] U [0, 1]) v <0, 1 
U [0, 1]) U <0, I] U [0, 1]) so that (G, n) is a special 
fuzzy neutrosophic interval fuzzy 5-group. 

ii) Find fuzzy 5-subgroups of (G, n). 


Let V=V; U V2 U V3 U V4 U Vs U Vo = {[0, al] la e 

Zo, *, (2, 7)} U {[0, a] la © Zug, *, (9, 0)} U {[0, atb]] | 

a,b © Zor, *, (2, 8)} U {(0, ail], [0, acl], ..., [0, arol]) la 

€ Zy, 1 <i 20, *, (11, 0)} U {[0, al] la © Zug, *, (25, 

23)} U {[0, atbI] | a,b € Zuo, *, (29, O)} be a quasi 

neutrosophic interval 6-groupoid. 

i) Definen: V > ((0, WU [0, 1]) U (0, WU [0, 1])U 
([0, I] U [0, 11) U ([0, HU [0, 1) U (0, TU [0, 1) 
U <[0, I] u [0, 1]) so that (V, 7) is a special fuzzy 
quasi neutrosophic interval fuzzy 6-groupoid. 

ii) Does (V, 1) satisfy any of the special identities? 

iii) How many (V, 1)’s can be constructed using V? 


Let M=M; UM VU... UMs = {[0, al] 1a € Za, +} U 
{all 5 x 5 neutrosophic interval matrices with entries from 
Z* & {0} under matrix multiplication} U {({0, al], ..., 
[O, agl]) | a; € Zaz, (8, 9), *, 1 Sis 8} LU {[0, al]lae fe, 
[0, a, 1] 
[0,a,1] 
[0,a,]] 
[0,a,1] 
be a mixed neutrosophic interval (1, 2, 1, 1) group 
semigroup - groupoid - loop. 


1,2, ...,43},*% 9}U a,€ Z* U{0},1<i<4,t 


i) Defnen: M=M;UM.UM3UM4UM; >< [0, UJ 
U [0, 1]) U ¢[0, T] U [0, 1]) U <[0, TU [0, 1]) U ¢ [9, 
T] u [0, 1]) U (0, T] u [0, 1]) so that (M, n) is a 
special mixed fuzzy neutrosophic interval (1, 2, 1, 1) 
fuzzy grouped - fuzzy semigroup - fuzzy groupoid - 
fuzzy loop. 
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90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


ii) Find substructures of (M, 1). 
iii) Obtain some interesting results about (M, 7). 


Determine some interesting properties about special fuzzy 
n-structures. 


Compare the special fuzzy neutrosophic n-structures with 
fuzzy neutrosophic n-structures. 


What is the advantage of defining directly fuzzy 
neutrosophic n-structures using the fuzzy neutrosophic 
interval ((0, I]} U [0, 1]) = {[0, a+bI] la, b € [0, 1]}? 


Give some applications of these new n-structures. 


What is the advantage of using intervals / neutrosophic 
intervals instead of real values in mathematical models. 


Find the uses and advantages of using neutrosophic 
interval n-matrices in stiffness n-matrices. 


Describe some real mathematical models which function 
better if real values are replaced by intervals. 


1.<2| U 


{({O, ai+biT], ..., [0, agtbsI]) | a;, bj € Z,, +} U 
[ [0,a,1] 
[0,a,1] 


28 
Let S =S; US, US3U S4= {Sioa 


i=0 


a,€Z,,1<i<20$ U 
| (0, a1] 


| [Oat] [0,a,I] ... a 
[[0,a,0] [0,a,,f] .. [0,a,,1] 


——) 


a,€ zasisz| bea 
neutrosophic interval 4 - vector space over the field Z7. 


1) Find yn so that (S, 1) is a fuzzy neutrosophic interval 
4-vector space. 
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98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


iit) What is the 4-dimension of S? 

iii) Obtain a linear 4-operator T on S so that T” does not 
exist. 

iv) What is the advantage of studying fuzzy neutrosophic 
interval 4-vector space? 


v) Find fuzzy neutrosophic interval 4-vector subspaces 
of S. 


Lett L=L,; UlnUL; Uls = {[0, al] lae fe, 1, 2, ..., 
23}, *, 8} U {[0, al] lae {e, 1, 2, ..., 29}, * 11} u {[0, 
al]Jlae {e, 1,2, ..., 37}, * 12} U {[0, al] lae {e, 1, 2, 
..., 43}, *, 14} be a neutrosophic interval 4-loop. 

i) Is La S-strong Bol 4-loop? 

ii) Find (L, n) the fuzzy neutrosophic interval 4-loop. 

iii) Is L S-commutative? 


Give a class of S-commutative neutrosophic interval n- 
loop. 


Does there exist a class of neutrosophic interval n-loop 
which is neutrosophic interval Moufang n-loop? 


Find a class of S-strong neutrosophic interval Bol n-loop. 


Find a class of S-strong neutrosophic interval alternative 
n-loop. 


Find a class of S-strong neutrosophic interval Bol n- 
groupoid. 


Does there exist a S-strong commutative neutrosophic 
interval n-groupoid? 


Does there exist a S-strong Moufang neutrosophic fuzzy 
interval 8-groupoid? 


Find a class of S-Moufang fuzzy neutrosophic interval 6- 
groupoid. 
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107. 


108. 


109. 


110. 


111. 


112. 


113. 


Find a class of S-strong neutrosophic fuzzy interval P-n- 
groupoid. 


Give an example of a S-neutrosophic fuzzy interval 
idempotent 8-groupoid. 


Give an example of a S-neutrosophic fuzzy interval 
Moufang 12-groupoid. 


Give an example of a S-neutrosophic fuzzy interval Bol 
3-groupoid which is not a S-strong neutrosophic fuzzy 
interval Bol 3-groupoid. 


Give an example of a S-neutrosophic fuzzy interval 
alternative 5-groupoid. 


Give an example of a S-neutrosophic fuzzy interval 5- 
semigroup which is a S-Lagrange neutrosophic fuzzy 


interval 5-semigroup (can such structure exist?) 


Give an example of a S-neutrosophic fuzzy interval 9- 
loop, which is right alternative but not left alternative. 
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